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Ldi noi dau 


De nang cao chat lupng day hoc bo mon Toan theo chuofng trinh 
ccai each giao due, chuong trinh phan ban, dac biet giup hoc sinh giai 
boai tap toan bo mon Hinh hoc lcVp 11 chuong trinh chuyen ban khoa 
hcoc tu nhien, cac chuyen d6 nang cao, 

Chung toi bien soan cuon sach Phan clang va phuang phdp gidi 
Hlinh hoc 11. Cuon sach dupe cau true tuan tu theo cac phan sau: 

1. Kien thtre co ban ciia chu<yng. 

2. Bai tap mhu: Bai tap tu luan, bai tap trhc nghiem. 

3. Bai tap tu ren luyen: Bai tap tu luan, bai t£ip trhc nghiem’. 

4. Cac de thi tu on tap (bai thp tu luan, bai tap trhc nghiem). 

Cuon sach nay chu trong den cac bai toan trhc nghiem dap ling 
diupc muc tieu, yeu cau cua Bp Giao due va Dao tao; dap ung dupe vide 
kiiem tra danh gia hoc sinh mot each chinh xac va phan loai dupe ket 
quia hoc tap cua hoc sinh, giup cho hoc sinh tu hoc va lam tai lieu tham 
khhao cho giao vien. 

Chac rang cuon sach vSn con nhieu thieu sot, tac gia mong nhan 
diupc su gop y cua doc gia. 

Moi gop y xin goi v6: 

- Trung tarn sach giao due Alpha - 225C NguyPn Tri Phuong, P,9, 
Q..5, Tp. HCM. DT: (08) 8107718, 8547464, 0903701650. 

- Email: alphabookcenter@yahoo.com 

Xin tran trong cam on! 


ft* / • n 

lac gia 



Chiftfng 1. PHEP HOI IIIMI. PHEP 

BONG BANG TRONG MAT PRANG 

• • 


PHEP TINH TIEN 


A, Kien thufc co ban 

/. Dinh nghia: 

Cho v, goi T la phep tinh tien theo vecto v. Khi do 

IT (M) = M' o ~MM' = v . 

II. Bieu thi'tc toa do , phep tinh tien 

Trong mat ph^ng toa do Oxy: M(x, y), v = (a,h). 

Goi M’(x',y')=T v (M) Khi do O 

l v' = y + b 

III. Tinh chat cua phep tinh tien 

1) Bao toan khoang each giira hai diem b&t ky: A, B; 

A' = r(A) B' = T (B)<z> AB = A'B\ 

2) Phep tinh tien bien A, B, C thang hang thanh A',B ,C' th&ng hang. 

3) Phep tinh tien bien mot dirbne thSng d thanh mot dirong th&ng d' thi 
d// d' hoac d' = d . 

4) Phep tinh tien bien tarn giae ABC thanh tarn giac ABC va 


A ABC = A ABC’. 

5) Phep tinh tien bien mot duong tron (O, R) thanh mot dirbrng tron 
(O', R) ma O' = T (0),R' = R. 

6) Phep tinh tien bien goc AOB thanh goc A'O'B' va AOB = A'O'B\ 

B. Cac dang toan 

/. Bai tap mdu _ 

r Dqn q I : O&de (tin It tut It qua phep tinh tieh\ 

Phuang phap giai: 

Cdch 1 

- Xdc dinh vecto' tinh tien 

- Xet mot diem due biet cua hinh (H). Xcic dinh car diem dqc biet do 
thude hinh dnh (H ) 

Cdch 2 

r 


- Xet bieu thile tog do cua phep tinh tien: < 


x = x + a 
y' = y + b 




x - a 


[y = y‘“b 


- Xet bieu thiic tog do cua (H) sity ra bieu thiic tog do hinh (H f ). 
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Bai 1 . Trong mat phing toa do cho v(2;-3), dircmg thing (d) co phircmng 
trinh: x + y -1 = 0. Hay tim dircmg thing d' anh cua dircmg thing d qua pheiep 
tinh tien T . 

• V 


Girii 

Cach 1: M6t dircmg thing xac dinh dirac khi duang thing di qua hai dierim 
xac dinh. 

M,(l,0)e d^M\ =7-(M,) = (3,-3) 

M 2 (0,\) e d M 2 = T(M 2 ) = (2,-2) 

V&y d’ di qua M',, M' 2 , vay d' co phurong trinh: x +y = 0. 

Cach 2: Tir bieu thurc toa do cua phep tinh tien 


jc‘ = x + 2 

y=^-3 


x = x'-2 


o jc'+ y' = 0 


b' = J-3 [y = y'+3 
Vay phuang trinh duang thang d': x + y = 0. 

Cach 3: Dudng thing d'= T-(d) d'//d. Lay M,G d, M,(l, ' 0) 

^T v (M l ) = M l (3,-3). 

(d') co phuang trinh: x + y + m = 0 va di qua M'(3,-3) 

=>3-3 + wi = 0ow=0o(J'):r + j = 0. 

Bai 2. Trong mat phing toa do Oxy cho dircmg tron (C) co phircmg trinnh: 
x 2 +y 2 -2x-4y-4 = 0 Tim anh cua (C) qua phep tinh tien v = (2,-3). 

Gidi 

Cach 1: Dubmg tron xac dinh duqc khi biet tarn va ban kinh. 

(C) co tarn I c ( 1, 3); R = 3 => /’ = T (/ ) = (1 + 2; 2 - 3) - (3; ■-1). 

vay (C') = T (c) o (C•): (x - 3) 2 + (y +1 f = 9 . 


Cach 2: Bieu thirc toa do 


x' — x + 2 \x = x'—2 
<=>< 

y' = y- 3 |y=y+3 


Vay bieu thirc toa do: 

(C) : (x'-2)~ + (y'+3) 2 -2(.v'-2)-4(y'+3)-4 = 0 
<=> x ' 2 - 4x '+ 4 4- y ,2 + 6y'+ 9 - 2x '+ 4 - 4y 12 -16 = 0 

x' 2 + y a -6x'-\-2y'+\ =Oo(x'-3) 2 +(y'+l) = 9. 

Bai 3. Cho (d,): x + 2y - 5 = 0 ; (d 2 ): x + 2y + 5 = 0. 

Hay tim v vuong goc vai (d,) de (d 2 ) la anh cua (d,) qua phep tinh tien Tf.. 
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- Gidi 

Cdch 1: Lay M E d,; M(l, 2) E d, . Qua M(l, 2) viet A _L d,: (A): 
2x - y m - 0 vi A di qua M( 1,2) => m = 0 => (a) : 2x -y = 0 


Lay M' = (A) n (d 2 ); M' co .toa do la nghiem cua he: 
x-i-2y-f5 = 0 / x 

2x-y-0 V ’ 

Vay v- MAT = (-2,-4). 

Cdch 2: Goivectcf v = kn ptd = A(l,2) = (A,2A); v±d, va v 1 vay: 

Theo dinh nghla phep tinh tien: 

f X ' — X + A 

<=> x'+ 2y'+5 = x + k + 2y + 4k + 5 = 0 o 5k + 10 = 0 => k = -2 

[y’-y + 2A 

’'Vay vectotinh tien v = (-2,-4). 

Wang 2: Sd' dang phep tinh tien ite gidi hai to/m qtnj tieh 

Phuorng phap giai: 

- Tim quy tich M. Xet M Id dnh cua diem I qua phep tinh tien theo 
vevta v ndo? 

- I E hitih (H) => M thuoc hinh dnh cua (H) qua T 


Bai 4. Cho duong tron (O, R) va hai 
cdiem A, B khong thuoc duong tron, mot 
ddiem M chay trdn dirong tron. Tim tap hop 
ccac diem M' la dinh con lai cua hinh binh 
hhanh ABMM'. 

Gidi 

Gia sur hinh binh hanh ABMM' co 

M E (O, R) cho triroc ta co: 
MW = BA 



Xet ^ : (mat phing P) thi 

maM e (O.R)thi «'€7V (0,R) = (O .R). 
Vay tap hop M' la dirong tron anh cua ducmg 
trron (O, R) qua phep tinh tien T- . Ducmg tron 

BA 

((0\R) trong do: O' = 7V (O) vdi OO' = BA . 

Bai 5. Cho duong tron (O, R) va hai diem BC co 
dlinh tren duong tron do. Mot diem A di dong tren 
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durcmg tron. Hay tim quy tich true t&m H cua tam giac ABC. 

Gicii 

Ve duong kmh BD. 

AH X BC, DC J_ BC => AH //DC. 


Tirong tir: CH ± AB => DA ± AB =^> CH // AD. 

Vay AHCD la hinh binh hanh. B, C c6 dinh nen D c6 dinh: Ta coo: 
AH - DC . Xet phep tinh tififn T ix ,(A) = H (H la anh cua A qua phep tinhh 

tien v = DC ; A chay tren duong tron (O, R) nen H chay tren dubrng tronn 

(o'.R) r (o,R). 


Bai 6. Hay viet phuomg trinh anh cua parabol y - x 2 qua phep tinh tiecn 
theo vector v = (3,2). 

Gun 

x' = x + 3 l x = x'-3 


Goi M(x, y) thi M' = T (M) co toa do: 


/=y+2 


<=>< 


y = y-2 


Vay anh cua parabol y = x 2 

y '-2 = (- jc ’— 3) 2 <=>/ = x a -6x'+U. 


co phuong trinhh: 


Do la parabol: y = x 2 - 6x +11 . 

^Dqttg 3: r Dumj phep tinh iiin ife gidi bai to/m dung hinh 
Phuomg phap chung: 

- Dung mot hinh H, quy ve dung mot so diem xdc dinh thuoc hinnh 
H. 

- Dung diem M, tim each xdc dinh no hoqc anh cua no qua pheep 
tinh tien. 

* Chu y: Mot diem xdc dinh duoc khi no xdc dinh hai dieu kien (Giao cuiia 
hai dudng, hoac anh cua dudng vdi mot dudng qua phep tinh tien). 

Bai 7. Cho hai duemg thAng d va d' cAt nhau va hai diem A, B khong thucoc 
hai dubrng thAng do. Hay tim M tren d va M' tren d' sao cho tuf giac ABM'PM 
la hinh binh hanh. 

Gidi 

Gia sir hinh binh hanh AMM’B dung 
duec thoa man dieu kien cua bai toan. 

Ta co: AB = MM '. 

vay M' = T ab (M) 

ma M' G d\ M' G anh cua d qua 

T j‘i)■ 

- Dung anh cua d qua 
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d” nd’ = M' 


- Tim M = 7V (M) => ABM M cfm tim. 

Bai 8. Cho tam giac ABC. Tim M tren canh AB va diem N tren canh AC, 


MN song song vdi canh BC va AM = CN 
Gidi 


Gia sir M, N tim dirge. M E AB, 

N E AC; AM = CN; MN // BC 

Ttr M ke MD//AC « AAMD can (vi 
DM = CN = AM) 



Vay MDA = MAD = DAC => AD la 
phan giac goc A. D co dinh. 

Xet phep tinh tien theo v = DC o T [)C (M) = N 
N E AC; NeA'B' = T D(i (AB); N = AB’ n AC 

Bai 9. Cho hai dirbmg thang d,, d 2 song song vdi nhau va mdt dirong A 


ikhong song song vdi d 2 . A, B la hai diem a hai phia cua d,, d 3 . Tim C E 


fd„DE d 2 sao cho CD // A va do dai dirdng gap khiic ACDB ng&n nh&t. 
Gidi 


Phan tick: 

Gia sir CD tim dirge thoa 
iman dieu kien bai toan. 

CD// A vay ICDI co dinh. 

Vay tim C, D sao cho 
. AC+BD ngkn nhat. 

Ke AC//CD; AC' = CD 
=>C',D,B th&ng hang thi 
.AC + BD ng&n nhfi't. Suy ra 
teach dung CD. 

Dung: 

Lay 

v//A; V = MN- C' = T(A) 


A A 



Noi C’B va C’B n d : = D C = T (£>) => C, D can dirng. 
Chiing minh: 

Gia suco C,D, thi C,D,=CD. 


C'D, + BD, > CB <=> AC, + BD, > C'D + DB. 

Vay AC, + C,D, + D1B > AC + CD + DB «• AC+CD+DB be nhat. 
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//. Bai tap tu siai 


<J)hdn 1: (Bai tap. true nghiem 

Bai 1. Trong mat phing Oxy cho A(3, -1), phep tjnh tien theo vector 

v = (3,2) thanh diem nao trong cac diem sau. 

a) B(6,3) b) C(6,1) c) D(0,3) d) E(0,-3). 

Bai 2. Trong mat phing Oxy cho A(3, -1). Hoi A la anh cua diem nao 

trong cac diem sau qua phep tinh tien v = (—1,2): 

a) B(4, -3) b) C(4, 3) c) D(-4, -3) d)E(3 4). 

Bai 3. Co bao nhieu phep tinh tien bi£n mot ducmg thing thanh chinh no? 
a) Khong co b) Mot c) Hai d) Vo so. 

Bai 4. Co bao nhieu phep tinh tien bien mot dirong tron thanh chfnh no? 
a) Khong co b) Mot c) Hai d) Vo so. 

Bai 5. Cho hai ducmg thing a va a' song song voi nhau. Co bao nhieu phep 
tinh tien bien ducmg thing a thanh a'? 

a) Khong co b) Mot c) Hai d) Vo so. 

Bai 6. Cho hai ducmg tron (O, R) va (O’, R). Co bao nhieu phep tinh tien 
bien ducmg tron (O, R) thanh ducmg tron (O', R)? 

a) Khong co b) Mot c) Hai d) Vo so. 

Bai 7. Trong cac menh de sau, menh de nao dung 

a) Phep tinh tien theo v & 0 kh6ng co diem nao bi6n thanh chinh no 

b) Phep tinh tien co mot diem bien thanh chinh no 

c) Phep tinh tien co hai diem bien thanh chinh no 

d) Phep tinh tien co vo so diem bien thanh chinh no 

Bai 8. Ducmg thing a va a' la anh cua a qua phep tjnh tien theo v * 0. Vi 
tri cua a va a' co khoang each giua chung ldn nhat trong cac trucmg hop sau: 

a) a va a' vuong goc v b) a va a’ khong vuong goc v 

c) a va a’ hop vdi v mot goc d) Khong co trucmg hop nao 

Bai 9. Co bao nhieu phep tinh tien bien mot hinh vuong thanh chfnh no? 
a) Mot b) Hai c) Ba d) Bon. 

Bai 10. Co bao nhieu phep tjnh tien bien AB thanh CD vdri AB = CD ? 
a) Mot b) Hai c) Ba d) Bon. 

<J)hdn 2 . (Bai tap f a' fut/en _ 

r Oqng 1: COde itinh a ah qua phep tinh tien 

Bai 10. Trong mat phing Oxy hay viet phuong trinh va dimg anh cua 
ducmg thing y - 2x - 1 va parabol y = x 2 + 2 qua phep tinh tien theo vecto 
Afl = (3,0). 
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Bai 11. Tren mat phing toa do Ddcac vuong goc hay tim tren hai dudng 
thing (d 1 ): y- 3x + 2 va (d 2 ):y-4.v + 5 hai diem A E d,, B G d 2 sao cho 
AB = 2, AB // Ox. 

Bai 12*. Cho tarn giac ABC tren AB lay hai diem D va E sao cho 

AD = BE <-AB . Ke DK // BC cat AC tai K. Ke EF // AC cat BC tai F. Ke 

3 

EP // BC cit KF tai N va cit AC tai P. Ke DS//AC cit KF tai M, cit EP tai Q, 
cit BC tai S. Chung minh cac tu giac DMNE, KMQP, NQSF co dien tfch 
bing nhau. 

Bai 13*. Cho tarn giac ABC, BC =a, CA = b, AB = c. 

a) Lay M nim trong tarn giac, MA = x, MB = y, MC = t. Chung minh 

ring dien tfch AABC khong ldn hem + by + ct) . 

b) Chung minh AABC co ba goc nhon va H la giao diim cua ba ducmg 

cao thi: S MBC = Y A (aAH + bBH + cCH) 

Bai 14*. Cho hinh thang ABCD, day nho AB, day ldn CD. Goi M, N la 
trung diem cua AB va CD. Hai canh ben vuong goc vdi nhau. Chung minh 

MN = y 2 {CD ~ AB). 

r D(uuj 2: Sty dung phep ft ah tiei t ite gidi hai (<%an guy tieh 
Bai 15. Cho diem A co dinh, ducmg tron di qua A co ban kmh R khong 
doi, cac tiep tuyen vdi dirdng tron song song vdi dudng thing d cho trudc. 
Tim quy tfch cac tiep diem. 

Bai 16. Cho dudng tron (O, R) va hai diem A, B khong thuoc dudng tron. 
Lay mot diem M thuoc (C) roi dung hinh binh hanh ABMM’. Tim quy tfch 
M' khi M chay tren (C). 

Bai 17. Cho hai dirdng tron (O,, R,) va (0 2 , R 2 ) cit nhau d A va B. Tren 
mot cat tuyen thay doi qua A lay hai diem M, M' sao cho AM=AM’va bing 
nu a tong hai day cung. Tim tap hop diem M, M*. _ 

Oan(j 3: phep tinh tien ite tji ai hat ft u'ttt du'ittj hinh 

Bai 18*. Cho dudng tron dudng kinh AB va dudng thing d. Tim diem M 
tren dudng tron sao cho MA, MB cit d tai P va Q sao cho PQ = 1 (cho trudc). 
Bai 19. Cho hai diem A, B hai phia doi vdi hai dudng thing u |5 d 2 ; d,//d 2 . 

Tim hai diem CEd„ DEd 2 . CD vuong goc vdi d,, d 2 sao cho AC + CD + DB 
ngin nhat. 

Bai 20. Dung tarn giac biet do dai ba canh, hai dinh thuoc dudng thing d cho 
trudc. Dinh thur ba thuoc dudng thing m khong song song vdi d cho trudc. 

C Hai lap ft/ gidi 

Bai 21. Cho AABC vuong d A, tir P thuoc BC thay doi ve PE ± AB, 
PF 1 AC. Tim tap hop M sao cho ME : MF =1:3. 
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Bai 22. Cho hai diem A, A' thuoc hai dirdng tron tucmg ling (O,, R)); 
(0 2 , R). Hai diem M, M’ chuy6n dong ifin luot tren hai dircmg tron sao chco 

AM = A'M' va nguoc hirdmg. Tim tap hop trung diem MM'. 

Bai 23. Cho dircmg thing d di qua A co dinh, M E d thay doi. Vdi mdSi 
diem M ve tarn giac NAM can tai N, dircmg tron ngoai tiep AMNA co barn 
kinh R khong doi. Tim tap hop N. 

Bai 24. Cho hai dircmg tron (0, R) va (0,, R,). Hay dung dircmg thing (d 
song song voi dircmg thing 1 cho triroc cat (0, R) va (O,, R,) hai d&y cun^g 
bing nhau. 

Bai 25. Dung dircmg tron tiep xuc vdi hai dirdng thing d,//d 2 di qua M chco 
trudc nim giua hai dudmg thing d, va d 2 . 

III. Huong drift gidi - day so 


r f)han 1: r Bai tap trae lujhient 


Cau 

1 

Cau 

2 

b 

• a 



Cau 

8 

C&u 

9 

Cau 

10 

a 

a 

a 


*JHian 2 . QMti tap tit hugest 

Bai 10 

a) Phiromg trinh anh cua dircmg (d): y = 2 v -1 theo AB = (3,0) . 
[a*' — x+ 3 . . 


y =y 


vay (d') co phucmg trinh: y' = 2(.v'-3) + (-l) = 2 a’-7. 


b) Phucmg trinh anh cua Parabol: y = x 2 4- 2 qua AB = (3,0) 
Do do anh cua parabol co phucmg trinh: 

/ = (r , -3) 2 +2o/ = x ,2 -6.v , +11. 

V£y anh cua parabol co phucmg trinh y = x 2 - 6 v 4 11. 

Bai 11. 

i _ 

Xet vecta v - (2,0). 

Dung phcp tjnh tien T • (*/,) = (</',) => (d’,) co phucmg trinh: \ 

(d ',):/ = 3 (x 2 )+ 2 o /= 3 a '- 4 . 

VSy (d’,) co phirong trinh: y = 3 a- - 4 . 

f v — 3 a — 4 

d', D d-, = B co toa do t" 

’ ’ y = 4.v 4- 5 


x' -A + 2 
y' = y 


B(-9, -31). Vay A(x, y), BA = -v = (-2,0). 
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x + 9 =-2 [A-= -11 

<=> 


j + 31=0 [> = -31 

Vay: A(-ll,-3l)ed,; fi(-9,-3l)e 4 


AB 


= 2 . 


DK 


AB = (2,0)1/ Ox 

Bai 12. Hiring dSn giai 
Nhrin xet: DK // EN // BF //QP // SC 
DK = EN = BF= QP = SC 
Dung phep tinh tien T t 

D K 

E-+M\=> A DEQ -> AKNP => ADEQ = AKNP 

Q~>P 

(do tinh chat phep tinh tien) 

ADEQ va AKNP co chung AMNQ ^ = S KMQP 

Tucmg tu xet phep tinh tien: 

7 EF : ADEQ —> AMFS => S DMNE = S KM q P = Sq NFS (dpcm) 

Bai 13. A 

a) Chung minh ^(ax + by + ct) > S 

Dung phep tinh tien T AM : AABC 
Ta co: S^ ABC +S 0BDEC = S^ MDE +S OABDM 

^ ^obdec = S oABDM + S OAMEC 
ax > S OBDEC = 2 (Sa acm + Sa abm ) 

Tirong tir: 

Ct > 2 (+ S&CMA ) 

by>2(S i 



ABM A ^ABM C 



ax ± by + ct > 2(2S^ BC ) <=> S MBC <^(ax + by + ct) 

b) Van dung cau a) ta co: S BDEF = ax. (AH _L BC) 
O s^ nr = i (aAH + bBH + cCH ) 

(AH = x; BH = >; C//=f). 
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Bai 14. 

A 

D ->£ 




C -> F 



AEMF vuong <=?> MN = ~EF = -(DC - AB) . 

2 2 

Bai 15. 

OA = R. A co dinh 


OT, _L d; 


ot 


R 


Ta co AO = R 

Vay O chay tren dirong tron (A, R) 
Xet vecta: OT thoa man: 


OT 


R 



p ' 

u 

O’ 

m! 

ri 

X- V 


OT Id 
Vay OT khongdoi. 

Xet T m : 0 —> T 2 Vay khi O chay tren dirong tron (A, R) => T 2 chay tren 
dircrng tron T qt (A,R) = (A',/?). 

Con T, chay tren dirong tron: T_ (rr (.4,/?) = (4",/?) 

Bai 16. 

Cho (O.R); M G (O.R) 

ABM'M la hinh binh hanh nen: AB = MM' 

Xet T ab :M ->M' ma M e(0,R) 

thi M'eT w (0,R) = (0',R). 

Bai 17. 

Gia sir cat tuyen di qua A c&t - 
(O,) va (0 2 ) tai C va D. 

AM = AM' = Y 2 CD 

Goi I, J trung diem cua AD \ O, 

va AC 

=>AM = JI, IJ = AM’ 

Noi Q,J, 0 2 I thi Q,J ± CA, CM 1. AD. 


^—•— j - \ d 

M\ j 

L_l 

i\ 

- 

\ 

I \ M’ 




O, 


B 
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Tit 0 2 ke 0 2 P // cat tuyen CAD => OP = IJ = AM 
Vay PMA0 2 la hinh binh hanh. 

Xet phep tinh tien T () a : P -> M ma P e [o, j 

= " e7 U°->2 0 ' 0 ’)- 


Bai 18. 

Gia suf M tim duac PQ = 1; 


) G d. 

Ke AA7/PQ. 

APQA' la hinh binh hanh 

AA' = PQ 


AA' 


PQ 


= 1 



BQA = lv Vay 0 = 


f 1 
I-BA 

v 2 


A 

rW 

/ 




Bai 19. (Giai tirong tir bai so 9) 

Bai 20. 

Dung AA'B'C' 

B'C G d; B'C = a; A B 1 = c; A'C = b 
Tir A' ke A'A//d 

Xet phep tinh tien: A' A 
(C')-iCe<I 



Nen AABC can dung. 

Bai 21. Gui y 

Dung hinh chu nhat ABQF 
MN=^AB] EN=~NQ. Vay Q G BD 

la hinh chu* nhat ABCD. 

Xet T w 

] A DA 

ma N e RK o M eT UaA (RK). 



Bai 22. 

Xet phep tinh tien 

0~K va ak (K la (rung diem 0,0 2 ). 


E 


M N 

l => MNM'N' la hmh binh hanh 


=> I la trung diem NN' 

ANKN' can. V&y KI la phan 
giac cua goc (0,M, 0 2 M). KI // 
phan giac goc (0,A, 0-.A). 

Vfy I thuoc ph^n giac.KI, 

do M, M’ E (O,), (0 2 ) nen I 
nlmn trcn m6t doan th&ng di 
qua K trung diem 0,0 2 va 
song song phan giac 0,S0 2 . 


Bai 23. Gcri y: Lay d lam ba xet N phia dirai d. 
Ta co: AAMN c&n 



Nen ON ± d; ON = R 
Xet T- ( O ) N 

ma O thuoc vong tron tam (A,R) 
Vay NeT.(A,R). 

Bai 24. Tir O va O, ke OM, 0,N _L 

Ke OO' 1 OM 

X6tT 00 .:A^C 
B D 
( 0 )^( 0 ’) 

Vay suy ra each dung. 



Bai 25. 

Dung (O,) tiep xuc vdi d, va d,. 
Ke Mx // d,//d 2 
Mx cat (O,) tai N 
t»ng Phep : (O, ) -> (O) 

ezrn dung. 
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PHAN 2 . PHEP DOI XUNG TRUC 


A. Kien thurc eg ban 

/. Dinh nshia: 

Cho dudng thing d. Goi D d la phep doi xufng true d khi do D d (M) = M’ 

<=> M 0 M' = -M 0 M trong do M 0 la hinh chieu vuong goc cua M tren d. 

- NeuM G dthi D d (M)sM 

- Neu M d thi M' - D d (M ) thi d la trung true MM’ 

- Neu hinh (H): D d (H) = (//) thi (H) co true doi xirng la duomg (d). 

//, Bieu thvee toa do 

~ Neu d chon Ox thi M(x, y): D d (M) = , khi do ta co 

\x' = x 


y - -y 

Neu d chon Oy thi M(x, y): D d (M) = M’(a', y ), khi do ta co 

x 1 = -x 

y = y 

Neu d chon dudng thing x = x 0 ; M(x, y): D d (M) = , khi do 

ta co j 


x' = 2x 0 -x 


[y =y 


- Neu d chon phan giac thuf nhat y = x (d); M(x, y): D d (M) = M 


x = y 

khi do ta co { 

\y' = x 

Neu d chon phan giac goc thit 2: d = y = -x ; 
M(x,y): D d (M) = M'(x',y')khid6taco 


x = 

i 

V = 


-y 


—X 


III. Mot sotinh chat phep doi xurie true 

1) M6i dudng thing a ± true doi xung d thi D d (i/) = a 

2) A, B G Oxy va D d (A) -A'; D d (B) - B‘ thi AB = A’B’ 

3) Phep doi xung true bien a -> a' = D d (u) 

4) Phep doi xung true bien mot tam giac AABC thanh AA’B’C’ va 
A ABC = AA’B’C’ 

5) Phep doi xung true bien goc xOy thanh x'O'y' thoa man 


xOy - x'O'y'. 


DAI HOC QUOC GIA HA NOl 
TRUNG TAM THONG TIN THLf VIEN 
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B. Cac dang bai toan tir giai 

/. Bai tan mdu __ 

r Dqnq 1: r J£jde ittnh dnh etui mqi hinh qua phep itoi jrtt'ntj true 

Phirung phap giai: 

- Dung dinh nghia dexdc dinh dnh cua mot so diem xdc dinh hinh. 

- Xet them mot sotfnh chat cua cdc hinh. 

Bai 26. Trong mat Oxy: M(2, 1); (a): A-y+l=0 va ducmg tron 


(C): x 2 + y 2 - 2a - 4y - 4 = 0 . Hay tim anh cua M, cua a, cua (Q qua phep doi 
xung true (d): 2a - y +1 = 0. 


Giai 

a) Tim anh cua M qua phep doi xiing true (d): 2 a - y + 1 = 0 . 

Tim diem H la giao cua ducmg th&ng d vdi ducmg th&ng m di qua M vudng 
goc vdi d. 

Phucmg trinh cua (m): A + 2y + /i = 0 vi di qua M(2, 1) nen n = -4 . Vay 
phuemg trinh cua (m): a + 2y - 4 = 0 . 


H co toa do 


a + 2y - 4 = 0 

<=><! 

2a - y +1 = 0 

x'+2 = 18 , 


2x + 4y - 8 = 0 

2x - y + 1 = 0 


o< 


x = -/ 


y-% 


Vay H 


^2 9 ^ 
5 ’ 5 


M’(x’, y’) co toa do 

1 8 P 


v + 


1 = 4 / 




x' = 8 / 


y = 


Vay M' 


V 


J 


b) Tim anh cua ducmg thing (a): x - y +1 = 0. 

Ta thay (a) va (d) khong cung phucmg nen d cit (a) tai A thi D d (A) = A vay 
A co toa do. 


2x - v +1 = 0 
.v - y +1 = 0 




x = 0 

y = 1 


A(0,l)oD d (A) = A 


Tim B G (a) ta thay B(-2, -1 ) G a. 

Tim B’ qua D d (B) - B’. Cach lam tuong tu nhu tim M. 

Viet ducmg thing (1) di qua B ± (d): 2.v - y +1 = 0, do do (i): 
a-: + 2y + k = 0 <=> k = 4 . Vay (1) co phucmg trinh: x + 2y + 4 = 0. 
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Goi N = (1) n (d): 


[2 r- y 4 1-0 f2.v- v + 1 = 0 


( 6 7 ' 


,=>N 


[ x f 2y + 4 = 0 [2.v + 4y + 8 = 0 


k 5 5 J 



i 

v 1 - _ 2/ 

/ 5 r ,,i 

f 2 9 n 

Goi B’(x\y’) ta co: < 





1 

1! 

1 

\vO 

{ 5 5) 


Dirdng a’ di qua A(0, 1) va B ' 


f o 


_ 9 
5' 5 


u = AB' = (-/^y 5 )=>n rl (l,-\). 

Phutmg trinh a’: lx - y + 1 = 0. 

c) Tim anh cUa dirdng tron (C): x 2 + y 2 - 2x -4y -4 = 0 . (C) co t&m 1(1, 2) 
bain kinh R = 3. Tim anh cua I qua D d (I) = I’ each lam tuong tir: /’(^ - 

V;ay dirdng tron |.v — ^ 


+ y- 


12 > 


= 9 . 


Bai 27. Tren he toa do D6 cac vuong goc cho dirdng thing: y = 2jc + 3 (1) 

a) Hay viet dirdng thing doi xung vdi (d) qua Ox. 

b) Hay viet dirdng thing doi xung vdi (d) qua Oy. 

c) Hay viet dirdng thang doi xufng vdi (d) qua y = x. 

Gidi 

a) Xac dinh dirdng thing doi xung qua true hoanh M(x, y) diem doi xufng 

(V = .v 

M (x\ y’): l t . 

[y =-y 

Thay vao ta co: -y' = 2.v’+ 3 O (<7') can viet (d ) : y = -2x - 3. 

b) Xac dinh dirdng thang doi xung qua Oy: M(x, y). 

f x' — —x 

M’ doi xung M qua Oy: < Vay (d): y = 2x + 3 => (T): = -2jt'+3. 

[y' = y 

c) Dirdng thing (d') doi xung qua dirdng phan giac goc thuf nhit y = x. Mot 

f x ' = y 

diem M(x, y) doi xung qua y = x la M’(x\ y’): < 


\y' = x 


Vay (d’) co phirong trinh: x' = 2y '+ 3 o (</') : y = (a -3) j/^ . 

Bai 28. Tren mat phing toa do De cac vuong goc lay 3 diem A(-l, 1); 
B(l, 4): C(3, 2). Hay dung hinh doi xung tarn giac ABC qua true tung, qua true 
hoanh, qua phan giac goc thir hai. 
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Gidi 

a) Dd'i xumg qua true tung Oy: 

r a (—i, i) —»<4'(i,i) 

M(jf, v) -> M'(-x,y) taco: • fi(l,4) -»fl'(-l,4) 

C(3,2) ->C'(-3,2) 

b) Doi xirng qua true hoanh Ox: 

A(-l,l) —» A'(-l,-l) 

A/(jf,y) —>• A/'(.r,-y) taco: ■ fi(l,4) —>fi'(l,-4) 

C(3,2) —> C'(3,-2) 

c) Ddi xirng qua phan giac thur hai: 

f A(-l,l)-» A'(-l,l) 

M(x,y)^>M'(-x-y) taco: ■ fl(l,4) -»fl’(-4,-l) 

C(3,2) ->C’(-2,-3) 

Bai 29. Cho 4 diem A, B, C, D sao cho AB = AD, CB = CD. 



a) Chufng minh AC 1 BD. 

b) Tir B ke BE _L DA, BF 1 DC, tur D ke DK J_ BA; DH ± BC. Chumg 
minh 4 diem E, F, K, H tao thanh bon dinh hinh thang can. 

Gidi 

a) Ta thflfy A, C each d<eu BD. Xet D AC : B -> D o BD 1 AC . Vay 

AC ± BD tai I va IB = ID. /^T'D F 

b) Xet D ac : B -> D 

M -> M 

=> BE -> DK => E -> K 
D AC : C -> C => BH -> DF o H -> F 
N6n KEHF la hinh thang c&n ^ ED 


r Dqng 2: <T)dn dung pltep doi x’u’ng true ife gidi hui tup gug tieh od 
dung hinh 


Bai 30. cho goc xPy khong la goc bet, 

mdt diem A n&m trong goc do. Hay tim B \\ / 

thuoc Px va C thude Py sao cho tam giac rV\ 

ABC co chu vi nho nhat. * B’\ 




C C\ 
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A” 



Gidi 

Lay A’ doi xung vai A qua Px 
A” doi xung vdi A qua Py 

N 6\ A”A’ va A’A” dit Px tai B, dit Py tai C can tim. 

That vay : Lay B’ E Px ; C’ E Py 
Chu vi AABC = AA’ be nhat. 

Bai 31. Cho hai duong tron (C) va (C) va m6t duong th&ng A. Hay dung 
hiinh vu6ng ABCD co hai dinh A, C thuoc (C) va (C), hai dinh B, D thuoc 



Vay: A’ = (C”)n(C). 

Cach lim A’. 

Dung (C’) doi xung vai ((!) qua A bang each dung (O”) doi xung von (O) qua 
A, ve (C”) tarn (O”) ban kin! R. 


A’sc = (C’)n(C’) 


AC ± A; AC x A = I 
IB = IC = IA = ID. 

Bai 32. Cho B, C co dir i thuoc duon ; tron (0,R), A di 
ddng tren duemg tron do. T m quy tich tr re tam H. 

Gidi 

Cach 1: Xem bai tap so 5, phuong ph ip tinh tien. 

Cdch 2: Keo dai AH cat (O, R) tai H\ Ta th£y 

BCH = BAH = BCH'. 

Vay H’ va H doi xung qua BC. Khi A chay tren duong 
tron, H’ chay tren (O. R) => H thuoc duong tron 

(o,r) = d bc (o,r). 

K£t luan quy tich H ch ly tren (0\F ). 



II, Bai tap tu gidi 

tjyttan 1: (Bdi tap tr* e ayltien* 

Bai 1. Trong mat phkn z Oxy chc M(l; 3). Hoi M la anh cua diem nao trong 
4 diem sau, qua phep doi > ung true ()x. 
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a) A( 1; -3) b) B(-l; 3) c) C( 3; -1) d) D(-l; -3). 

Bai 2. Trong mat phing Oxy cho M(2, 3). Hoi M la anh cua diem nao trong 
4 diem sau, qua phep ddi xiing true Oy? 

a) A(-2; -3) b) B(-2; 3) c) C( 3; 2) d) D( 3; -2). 

Bal 3. Trong mat ph&ng Oxy choM(2, 3). Hoi M la anh cua diem nao trong 4 
diem sau, qua phep ddi xiing true (d): y = x? 

a) A(-3; 2) b)B( 2; 3) c) C(-3; -2) d) D( 2; -3). 

Bai 4. Trong mat phing Oxy choM(2, 3). Hoi M la anh cua diem nao trong 4 
diem sau, qua phep doi xiing true (d): y = -x? 

a) A(-l; -4) b) B(-l; 4) c) Q-4; -1) d) D(-4; 1). ^ 

Bal 5. Cho A, B va diremg th&ng (A), phep doi xiing true (A) bien diem A 
thanh A’, B thanh B\ Cac ket luan sau, ket luan nao sai? 
a) AA\ BB’ vuong goc vdi (A) b) AB = A'B’ 

c) AB// A’B’ d) A la trung true cua AA' va BB’. 

Bai 6. Cho hai duong thing a va b vdi b la anh cua a qua phep doi xiing true. 
Co the xac dinh dupe bao nhieu phep doi xiing true? 

a) Mot phep doi xiing true b) Hai phep doi xiing true 

c) Co vo so phep doi xiing true d) Khong t6n tai phep doi xiing true. 

Bai 7. Hinh hai duong tron co tarn va ban kfnh khac nhau co bao nhieu true 
doi ximg? 

a) Kh6ng co b) Mot c) Hai d) Vo so. 

Bai 8. Trong cac menh di sau menh de nao dung. 

a) Ducmg tron la hinh co vo so true doi xiing 

b) M6t hinh co vo so true doi xiing hinh do la duong tron 

c) M6t hinh co vo sd true doi xiing hinh do la nhung duong tron dong tarn 

d) M6t hinh co vo sd true doi xiing do la nhung duong thiing song song. 

Bai 9. Cho hai duong tron (0,R) va (O,, R). Co may phep doi xiing true 

bien duong tron nay thanh duong tron kia? 

a) M6t b) Hai c) Ba d) V6 sd. 

Bai 10. Hinh hai duong thang cdt nhau a, b c 6 bao nhieu true ddi xiing 
a) M6t b) Hai c) Ba d) Vo sd. 

ff)han 2 , (Hai tap ft/ hnjen _____ 

^Dqttty 1: <J)han duiuf anh qua phep itel „ u'tiq true. (Hiunq ntinh 
mat »a ttnh chat hinh tfaonq qua phep <tot Tnq true. _ 

Bai 33. Cho ABCD la hinh chit nhat. Tim c; e true ddi xiing cua hinh chfr 

nh^t do. 

Bai 34. Cho AABC, tren duong phan gia ; ngoai goc C lay D nac do. 
Chumg minh: DA + DB > CA + CB. 

Bai 35*. Chiing minh rSng trong cac tarn Juac co chung day va dien tich 
b^ng nhau thi tarn giac c^in co chu vi be nhat. 


22 




Bai 36. Cho dudng tron: x 2 + y 2 -6x + 2y 4-1 = 0 (C). Hay viet phircmg 
trinh dudng tron doi xung vdi (C) trong cac trudng hop sau: 

a) Doi xung qua y = x 

b) Doi xung qua y = -x. 

Bai 37*. Chufng minh ring tur giac loi co mot true doi xung khong di qua 
dinh nao khi va chi khi tur giac do la hinh thang can. 

Bai 38. Cho goc xPy nhon, A thuoc canh Px, B thuoc canh Py. Tim tren 

mot canh ciia goc xPy mot diem C sao cho AABC can. 

Bai 39. Cho hai diem A, B va dudng thang A. 

a) Tim tren A mot diem P sao cho AP + PB be nhat vai A, B cung phia 
doi vdi A. 

b) Tim tren A mot diem Q sao cho |QA -QB| ldn nhat vdi A, B khac 
phi a doi vdi A. 

Bai 40. Cho AABC can (AB = AC) noi tiep trong dudng tron (0,R), goi E 
la tain dudng tron noi tiep tarn giac ABC. Cac dudng CE cit (0,R) tai D. 
BE cit (0,R) tai F. Chung minh EDAF hinh thoi. 

Bai 41. Tren cac canh ben AC va BC cua tarn giac can ABC cho cac diem 
M, N sao cho CM + CN = AC. Chung minh ding ba trung diem cua AC, BC, 
MN thing hang. 

Bai 42. Cho mot dudng thing xy va hai diem A, B cung phia. Hay tim 
tren (x, y) mot diem Q sao cho: AQx = BQy. 

Bai 43. Cho hai dudng tron (C,), (C,) va dudng thing d. Hay dung tarn 
giac deu co dinh nim tren ba dudng tr£n. (C,) va (C.) khac phia vdi d. 

Bai 44. Cho hai dudng (0„R,); (0 2 , R 2 ) va diem A. Tim hai diem B, C lan 
luat thuoc (O,) va (0 7 ) sao AABC can dinh A, co canh day BC song song vdi 

o’o 2 . 

Bai 45. Cho hinh vuong ABCD; AB’C’D’ co canh a. Xac dinh phep doi 
xung true bien ABCD thanh AB’C’D’. 

Bai 46. Cho (O, R) va ba dudng thing a, b, c di qua O. Dung A ABC 
ngoai tiep dudng tron va cac dudng thing da cho la phan giac trong tarn giac. 

Bai 47. Cho AABC nhon. Dung tarn giac MNP co ba dinh tuang ung nim 
tr6n ba canh tuang ung BC, CA, AB sao cho chu vi AMNP be nhat. 

Bai 48. Cho tarn giac ABC noi tiep trong dudng tron (0,R), diem M thuoc 
dudng tron, l£y cac diem doi xung vdi M qua cac canh BC, CA, AB la M,, 

M 2 , m 3 . 

a) Tim tap hap cac diem M,, M 2 , M 3 khi M di dong tren dudng tron. 

b) Chung minh cac tap hap M,, MU, M 3 chda true tarn tarn giac ABC. 

Bai 49. Cho hai dudng thing d„ d 2 cit nhau va hai diem A, B thuoc trong 

hai dudng thing. Tim tren d,, d 2 hai diem C, D sao cho tu giac ABCD hinh 
thang can. 
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Bai 50. Cho tarn giac ABC co ABC = 40°. Mdt diem P thuoc trong tarn 
giac thoa man PAC = 10°; PAB - 30°; PCA = 20°. Tinh goc BPC. 

Bai 51. Xac dinh ducmg di cua vien bi A den vien bi B tren ban bi - a vdi 
didu kien vien bi A phai cham vao thanh ban. 

Bai 52. Cho ducmg thing d, cit ducmg thing d 2 tai O. Vdi mot diem P 
khong thudc d,, d 2 , ducmg thing A di qua P thay doi cit d, tai A, cit d 2 tai 
Cac ducmg A„ A 2 doi xdng vdi A qua d„ d 2 cit nhau tai M. Tim tap hop 
khi A quay quanh A. 


III. Hirons ddrt 2iai - Dap so 
ff)hdn 1: Bai tap trae nqltiem 



ff)hdn 2 . Bai tap fa’ fut/ea \ 

Bai 33. (Hoc sinh tu giai) co 2 true doi xung \E 

Bai 34. 

CD la phan giac ngoai goc C. Xet D cd I \ 

Dung E = D cd (B) 

DA + DB = DA + DE T ~AT 

CA + CB = CA + CE = AE I / \ 

Ma DE + DA > AE (dpcm). 1/ \ 

Bai 35. BA 

Nh&n xet: Chung day, cung di£n tich nen dinh thu 3 thuoc dudng tharg 
song song day. 

CD // AB 

Lay B’ doi xung vdi B qua CD. 3’ 

CA + CB = AB’ A 

DA + DB = DA + DB’ > AB'. / \ 

(Tinh chat tarn giac : tdng hai canh ldn horn mot canh) / 

Bai 36. - ' c / H n \ p 

a) D6i xung qua y - x (d) (phan giac goc thu nhit) TV 

Tam 1(3, -1); R = 3. / / 

D d (i) = I'(-l,3) Vay phuemg trinh ducmg tron // \ / 

+ A B 

b) Doi xung qua y = -x. Tim anh cua 1(3, -1) 

I’(C -3) vay (C’) co phuemg trinh: (x -1)" -f (y 4-3)" = 9. 
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2 W 















m 37. 

Vi true doi xung khong di qua dinh nao cua tu giac ABCD. Gia six co hai 
dinh cung mot phi'a vai true doi xung AB AB => A’ = D A (A); B’ = D A (B); 



1 hi A’ = C; B’ = D. Vay AB = CD 

va AA’ // BB’ <=> AC // BD suy 
ra tur giac ABCD la hinh thang can. 

Bai 38. 

A e Px; B G Py 

• AABC can tai C 
C nam tren dirong trung true cua 

dean th^ng AB. 

C E Px hoac C E Py 

• AABC can tai A 

C diem doi xung voi B qua dirdng di qua A vuong goc vdi Py. 

• AABC can tai B. 

C diem doi xtrng vdi A qua diremg di qua B vuong goc vdi Px. 
Vay co 4 diem C. 

Bai 39. 

a) A, B cung phia vai (A) 

Lay: A’ = D a (A) 

Noi A'B c^t A tai P can tim 
Chung minh 
Lay P’ bat ky 

P A + P'B = P’A’+P B > BA’ = PA + PB 
Vay: PA + PB benhat. 

b) Lay B' = D a (B) 

Noi B’A c^t A tai Q 
Q la diem can tim. 

That v£iy: lay P bat ky thuoc A ta co: 

pa-pb| = pa-pb<ba 

BA = |QB'-QA| 

vay |QA - QB| = |QBQA| 1cm nhat (dpcm). 




Bai 40. 

Clio AO la true doi xung cua duemg tron. 
Xet D ao . 
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d m (o,r)^(o,r) 

B > C 

E -»E 1 

VSy: BE -> CE <=> F -> D. 

=> ADEF La hinh thoi (dpcm). 

Bai 41. 

Goi LP, K trung diein CA, MN, CB. 

AACB can a C. 

M G CA; N G CB; 

CM + CN = AC. 

VSy AACB nh&n CH lam true doi xtrng. 

—> N' 

K —> I ( I va K trung diem CA, 

CB) 

Vi BN = CM -=> AN' - CM => I la trung 

diemciiaCA 

=> I la trung diem N’M=> IK la trung binh ^ 

AMNN”, nghla la I, P, K thing hang. 

Bai 42. 

UfyB' = D w (B) ' A 

AB'o(xy) = Q cin tim. 

Bai 43. "x 

Lsfy doi xutig cua (C,) qua D d (C 2 ) —> (C 2 ) 

o(Cj) = A'B' 

Khi do co canh A deu can dung. V&y 
each dung tren co bon tarn giac deu can 



< HIT 




Bai 47. 


Gia sir MPQ dung dune 
Lay M’, N’ doi xirng qua AB, AC 
cua M thi chu vi 

APMN = MP + PQ + QN’ 
nho nhat 

o M’P + PQ + QN'= M'N' 

Va IVTAN' = 2BAC 
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Xet AAM”N can goc M'AN = 2ABC 

Canh M’N’ be nhat khi AM’ be nhat <=> AM = AH. 

V&y M la chan dirang cao. 

Bai 48. 

a) Cho duomg tron (O, R), AABC noi tidp , M thu6c duang tron. 

Xet M, doi xung vdi M qua BC. 

: (M) —> M, =>M, eD BC (0,R) 

NMn thay 3H' e (0,R) => D K (H') = HoHe D BC (0,R) . 

Tucmg tir: D AC : (M) -» M, => M 2 e D AC (0,R). 

Va H" e (0,R) => D AC (H") = H => H e D AC (0,R) 
D AB (M)=>M 3 =>M 3e D AB (0,R) 

H ’■" e (O, R) => D ab (H 1 "') = H => H e D AB (O, R). 

Ket luan: quy rich (t&p hop) M,, M 2 , M 3 la ba dircmg tron doi xifng voi 
(0,R) qua CB, CA, AB va di qua true tam H. 



=> ABPC can => BPC = BCP = 100° - 20° = 80°. 
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Lay doi xufng qua d,, d, cua P !a P,, P 2 
thi P, e A,; P, e A 2 . 

Goc: 


k 

CM 

II 

n 



\ / \ / 

(a^;)=2(m 2 ) 

__Aj_ 


V 2 / V - / 

^Ap A 2 j = 2^dpd 2 j 



Vay: PTMP, = 2(d^T,) 

O / 


ma: P,OP 2 = 2^d,,d 2 j 

% 


Vay: P,P 2 OM thuoc dirang tron. 




Ma P,,P 2 , O co dinh. 

Vay M thuoc dtfdng tron 0,PpP 2 . 
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PHAN 3. PHEP DOI XUNG TAM 


A. Kien thuc co ban 

L Dinh nzhia: Cho diem I. Goi phep doi xixng tam I, ki hieu D, khi dc: 
M' = D i (M)<=> IM' = -IM 


• Diem kep: D,(M) = M. Vay M = I <=> I la diem kep. 

• Hinh kep: Neu /(H) = H; hinh H goi hinh kep qua phep doi xung 
tam I. 

//. Bieu thuc toa do: Trong mat ph&ng toa do Oxy cho I(x 0 ,y 0 ), goi M(x, y) 


va M’(x’,y’) la anh cua M qua phep doi xung tam I, khi do: 


x ' = 2x 0 -1 
y' = 2y 0 -.v 


III. Tinh chat phep doi xung tam: 

1) Phep doi xurng tam bao toan khoang each giira hai didm bat ly A, 
Bcoanh A’, B’ o AB = A B'. 

2) Phep doi xixng tam bien ba diem thang hang thanh ba diem thang 
hang. 

3) Phep doi xurng tam bien mot dirong thiing thanh mot dirong th^ng 
song song hoac trung vdi dirong thang da cho. 

4) Phep doi xung tam bien mot tam giac thanh mot tam giac b&ng 
tam giac da cho. 

5) Phep doi xurng tam bien dirong Iron thanh dirong tron co bankinh 
bang ban kmh durdng tron da cho. 


B, Cac dang bai toan tir giai 

/. Bai tap mau __ 

r f)qnq 1: ^Ou'ntj anh eft a hinh qua phep ittu <runtj (dm I. 

Phirong phap giai: 

- Dung dinh nghia phep doi xvtng tam xdc dinh anh cua cac dien xdc 
dinh hinh dua vdo tinh chat doi xiing tam. 

- Dua vdo hieu thitc toa do phep doi xi/ng tam detim anh cua mot dien. 

Bai 53. Cho I (-2,1) va diromg th&ng (d): x -2y + 1 = 0 . Hay viet purong 

trinh dirong thang (d’) la anh cua d qua phep doi xung tam I. 

Giai 

Cdchl: M(x, y) qua phep doi xung tam l(-2,l)c6M’(x\ y’) 


x' = 2x 0 - x 
Ly' = 2y 0 -y 


x' = -4 - x 
y' = 2-y 


O 


x = —4 — x' 
y - 2 -y 1 


Thay vaotaco: (d’): -4-x'-2(2-y , )+l=0 


<=> -x'+ 2y8 4-1 = 0 cc> x - 2y + 7 - 0. 
Vay (d’) co phirong trinh: x - 2y + 7 = 0 . 
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Cach 2: Lay hai diem M, N thuoc (d): x - 2y + 1 = 0 . Tim hai diem M\ N’ 
dtoi xirng veti M, N qua I (-2,1). (d’) di qua M\ N . 

Taco: M(l,l); N(-3,-1) e (d) 

D, (M)= M'(-5,l) 

*>, (N) = N*(-1,3)_ 

d’diquaM’N’nhan: u d . = M'N’ = (4,2) 

Vay vecto phap tuyen: n = (1, —2 ) . 

(cT)c6phuongtrinh: l(x + l)-2(y-3) = 0<=>x-2y+7 = 0. 

fd ) co phuong trinh: x - 2y h- 7 = 0 . 

Bai 54. Cho during tron co phuong trinh: x 2 + y 2 -2x-4y-4 = 0(C) va 
I (- 1, -2). Hay tim anh cua (C) qua phep doi xung tam I. 

Gicli 

Anh cua during tron qua phep doi xirng tam I (-1, -2) la dudng tron (C7) co tam 
la anh cua tam (Q qua phep doi xung tam I. Ban kiiih bing ban kinh ductig Iron (Q. 

(Qc6: 0(1,2); R =V5 + 4 -3 

Vay (C) co phuong trinh: (x + 3)' + (y + 6)' = 9. 

Bai 55. Cho hai during thing (d,): x -2y+ 5 =0 va (d 2 ): x-2y-8 = 0. Hay 
tlm phep doi xung tam bien during thing d, thanh d . 

Qigi 

Nh$n xet: d, // d 2 . Vay tam doi xung M E d, ; M’ E d 2 . 

Tam I, la trung diem cua MM’. 

Ta I hay: M(-l,2)ed,; M'(4,-2)ed 2 . 

Vay: la tam doi xung D, (d,)->(d,) 

Chu y: I thuoc tren during thing song sonj. vdi (d,): x-2y+5 = 0, 
(ch): x - 2y - 8 = 0 Khoang each during thing A den d, ^ing khoang each A dehdL. 

Bai 56. Tim phep doi xung tam bien during t ling (d,): x —2y+5 = 0 
thanh (d 2 ): x -2y -8 = 0 va co tam nim tren Ox. 

Gidi 

Tam doi xung nim tren Ox va nim tren during thing A di qua I, (%•«) 
va song song x - 2y + 5 = 0 . 
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Vay A: x-2y + m = 0oIeAo + m = 0 <=> (A): x - 2y - = Q 


Vay I co toa do la nghiem cua he: 


y = 0 
x = 3 / 


4K4 


Bai 57. Cho hinh binh hanh ABCD, 
mot diem P n&m trong mat ph^ng 
ABCD. Ke Ax//CP, By//DP, Cz//AP, 

Dk//BP. Chung minh r&ng Ax, By, Cz, 

Dk dong quy tai mot diem Q va dufrng 
FQ di qua mot diem co dinh khi P di 
dong trong mat phing. 

Gm : b c 

Xet phep doi xung tarn O cua hinh binh hanh ABCD. 

D (0) :P->Q 

Khi do: D -> B o DP//BQ = By 

Tuong ttr Ax di qua AQ. Vay Ax, By, Cz, Dk di qua Q doi xung vdi P qua O. 


^Dang 2: CVan thing phe'p itrfi xung tarn ite ghii bat tap qtuj Ueh va 
dung hinh 


Phirong phap chung : Tim tarn B 6 

M thoa man mdt so tinh ch&'t a. Ta A *E 

quy ve tim tap M’ma M'= D, (M), j y/ 

Me(H').Xet D,(M’) = M M ti'' / 

Bai 58. Dung da giac 5 canh biet 5 ^ 

trung di&n cac canh M„ M 2 , M 3 , M 4 , / 'v“ / A 5 /\ 

Mj. Hay tong quat hoa. /_ __ / \ 

Gidi A, mFT / A 3 

Gia sir da giac A,A 2 A 3 A 4 A5 dung 'V 

duqc, ta co: lay B,, xet: B 3 


B, 


D M, 

:B, 

—> 

b 2 

=> 

B|A, 

a 2 b 2 


:B 2 

—> 

b 3 


b : a 2 

* A3B3 


:B 3 

—> 

b 4 


B 3 A 3 

* A 4 B 4 


:B 4 

-> 

B s 


B 4 A 4 

* A 5 B 5 


:B 5 

—> 

b 6 


b 5 a 5 

* A|B 6 

Vay: 

A,B 

1 = 

A ; 

B 2 

= a 3 b 

i 3 = a 4 b 


. j * I I ’ 1 3*^3 — 1 v 4 4 — 1 *“5*^5 — 1 x | ^6 

V3y A, la trung diem cua B,B 6 suy ra each dung. 
Bai toan co mot nghiem duy nhat. 
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Tong quat hod: 

Xct da giac n canh: ( Vdi n lc: c6 1 da giac; vai n chSn: chira xac dinh duoc). 

Bai 59. Qua giao diem cua hai dirang tron (O,, R,); (0 2 , R 2 ) dung dirang th&ng cdt 
hai dirang tron thanh hai day bkig nhau. 

Gidi 

Phan tich gia sir dung duoc: AB = AC 
Xet: D a : B ->C ma B g (O,) ->C e D a (0,,R 

Vay: C = (0 2 ,R : )x(0;,R | ), 
trong do 0( = D A (O,). 

Cdch difng: 

Dung: (0(,R,) = D A (OpR,); 

Lay: (0|,R,)x(0,,R : ) = C->B = D A (C). 

Bai 60. Cho duang tron dubng kinh AB tam O. Tren tia AC lay diem P sao cho 
AC-CP. 

a) Tim tap hop diem Q la dinh cua hinh blnh haiih co hai canh PA, PB. 

b) Tim tap hap cac di£m M la dinh hinh binh hanh co cac canh AB, AP. 



a) APBQIahinh chunhat. 

X6t D (o,( p )-^Q 

Vay ta tim tap P. 

A A BP co BC 1 AP 

AC = CP => AABP can 

=> AB = AP 0 

=> P thuoc dircfng tron (B, BA), 
vay: Qe D 0 (B,BA) = (A,BA). 

b) Co the co 2 diem M M = I AR (P) 


ma 



//. Bai tap tu gidi 

ff)han 1: r J}di tap irde mjttiem 

Bai 1. Trong mat ph&ng Oxy cho l(l, — ]). Cho biet trong 4 diem sau diem 
nao la anh cua diem M (3,-2) qua phep doi xung tam I. 

a) A( -5,0) b) B(-1; 0) c) C(-4; 0) d) D( 5; 0) 
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Bai 2. Trong mat phing Oxy cho l(l,-l) va ducmg thing (A): x = 2. Cac 

dudng thing sau day ducmg nao la anh cua A qua phep doi xung tam I? 

a) x = -2 b) x — — 1 c) x = 0 d) x = 1 

Bai 3. Trong cac menh de sau, menh de nao dung? 

a) Phep doi xung tam khong co diem kep. 

b) Phep doi xung tam co mot diem bien thanh chfnh no. 

c) Phep doi xung tam co hai diem bien thanh chfnh no. 

d) Phep doi xufng tam co ba diem bien thanh chfnh no. 

Bai 4. Trong mat phing Oxy cho ducmg tron (A): x -y + 4 = 0. Trong cac 
ducmg thing sau ducmg nao bien thanh (A) qua phep doi xumg tam? 
a)x + y + 3 = 0 b)2(x-y) + 6 = 0 

c) 2(x + y)-3 = 0 d) 2x--y+ 5 = 0 . 

Bai 5. Cho ducmg tron x 2 + y 2 -4x+y-l 1 = 0 (C) va 1(1, 1). Cac ducmg 
tron sau ducmg tron nao la anh cua (Q qua phep doi xung tam 1? 
a) x 2 +y 2 + 4x -y -11 = 0 b) x 2 +y 2 -6y-5 = 0 

c) x 2 + y 2 -6y -7 = 0 d) x 2 +y 2 -6x-7 = 0 . 

Bai 6. Hai ducmg tron (O,, R) va (0 2 , R) co bao nhieu phep doi xung tam 
bien (O,, R) thanh (O,, R)? 

a) 1 b) 2 c) 3 d) 4. 

Bai 7. Mot diem M(x, y), diem nao doi xung vdi M qua phep doi xung tam 
goc toa do? 

a) M(x,-y) b) M(-x,-y) c) M(-x,y) d) co ket qua khac. 

Bai 8. Cho ducmg thing (A): 2x -y +1 = 0, ducmg thing nao sau day doi 
xung vdi (A) qua goc toa do? 

a) (A,): 2x - y - 1 = 0 " b) (A,) : 2x + y -I-1 = 0 

c) (A 3 ): 2x + y - 1 = 0 d) (A 4 ): -2x - y + 1 = 0. 

Bai 9. Cho hinh binh hanh ABCD, cac menh d6 sau thi menh de nao dung, 
a) ABCD co 1 tam doi xufng b) ABCD co 2 tam doi xung 

c) ABCD co 3 tam doi xung d) ABCD co vo so tam d6i xung. 

Bai 10. Cho (A): y = 3x + 5 va diem M(3, l). Cac ducmg thing sau dirdng 

nao doi xung vdi (A) qua diem M (3,1) ? 

a) (A, )y = 3x + 21 b) (A, )y = 3x - 21 

c) (A 3 )y = -3x + 21 d) (A 4 )y = -3x - 21. 

<J)han 2. r 3ai tap In yen tap 

Bai 61. Cho goc xOy < 180°, mot diem P e xOy. Qua P dimg m6t ducmg 
thing cit Ox, Oy tai A, B sao cho tam giac AOB co dien tfch nho nhat. 
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Bai 62. Cho ABCD noi tiep trong dudng tron tam (O). Tir M„ M 2 , M 3 , M 4 
trung diem cac canh AB, BC, CD, DA ve vuong goc vdi canh doi dien. Chung 
minh cac dircmg nay dong quy. 

Bai 63. Cho hai day AB; CD khong cit nhau trong dircmg tron (O, R); I la 
di£m thuoc CD. Tim tren dircmg tron mot diem M sao cho AM, BM cit CD tao 
thanh mot doan EF nhan I lam trung diem. 

Bai 64. Cho hai dircmg tron (O,, R) va (0 2 , R) tiep xuc vdi nhau tai M. Ba 
dudng thing di qua M cat (O,) tai A,. B,, C,; ck (0 2 ) tai A 2 , B 2 , C>. Chung minh 
ring M la trung die’m doan thang noi hai tam dudng tron ngoai tiep AA,B,C, va 
AA 2 B 2 C. 

Bai 65. Cho dudng tron (O, R) va AABC c6 dinh. M6t diem M thuoc ducmg 
tron, lay M, doi xung vdi M qua A; M : doi xung vdi M, qua B; M 3 doi xumg vdi 
M 2 qua C. Tim quy ticn M v 

Bai 66. Cho AABC, hay dung 3 ducmg thing song song vdi cac canh cua A 
de thu dirqc mot luc giac ngoai tiep mot dircmg tron. 

Bai 67*. Chung minh ring tu giac co mot tam doi xung khi va chi khi tur giac 
do la hinh binh hanh. % 

Bai 68. Tren he toa do Decac vuong goc cho cac dudng thing: y = 3x + 1 (1); 
y = -x -f-6 (2). Hay xac dinh tam doi xung bien dudng thing (1) thanh dudng 
thang y = 3x - 3 va bien dudng tron (2) thing dudng thing y = -x . 

Bai 69. Cho dudng thing d va P thuoc dudng thing d, diem A d ngoai dudng 

thang. Hay dung tam giac ABC biet so do goc A = a va dud lg trung tuyen AP, 
clidm B, C thuoc d. 

Bai 70. Cho mot diem A nim trong goc xPy. H§y dung c'udng thing di qua 
A cit hai canh cua goc tai B va C sao cho A la trung diem BC. 

Bai tap tu giai 

Bai 71. Cho 4 dudng thing a, b, c, d timg doi m6t khong si >ng song vdi nhau 
va diem I. Hay dung mot hinh binh hanh t&m I co 4 dinh l im tren 4 dudng 
thing da cho. 

Bai 72. Cho hai dudng tron dong tam Q va mot diem A nim tren dudng tron 
nho. Dung dudng thing di qua A cit hai dudng tron tai B,C va J). (B g vong tron 
nho) sao cho AB chi a CD thanh ba phan bing nhau. 

Bai 73*. Cho hai dudng tron va mot diem E. Hay tim tren n.6i dudng tron hai 
diem sao cho bon diem do tao thanh hinh binh hanh nh&i E lari trung diem. 

Bai 74*. Cho mdt tam giac, mot luc giac va mot diem E. Hay dung hinh binh 
h&nh tam E co hai dinh nim tren mot canh tam giac con hai dinh kia nim tren 
ai c canh luc giac. 

Bai 75. Cho mot luc giac ABCDEF ngoai tiep mot dudng tron va co cac cap 
Cc*nh doi song song vdi nhau. Chung minh ring: 

a) Tung cap canh doi bing nhau. 
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b) Hai tarn giac ACE va BDF c6 dien rich bkng nhau. 

///. Hu&ns ddn ziai - Dap so 

(J)han 1: Hai tap trite nyftiem 


Cau 

1 

Qu 

2 

Cau 

3 

Can 

4 

Cau 

5 

Cau 

6 

Cau 

7 

Cau 

8 

Cau 

9 

Bp 

a 

c 



c 

a 

b 

a 

a 

— — .1 



(Julian 2. Hai tap. ft/ tuyen 

Bai 61. 

Lay Q doi xung vdi O qua P 


QA//Oy 

Ve 

OB //Ox 


AB can dung. 


That vay: Ve A’B’ qua P bat ky ta thay 
A’B* co dilm ngoai tarn giac ABO. Gia su 
B’ a ngoai tam giac ABO O 



S > S 

/\PBB °APA'A 


S > S 

°AA'OB' °AABO ' 



OM 3 I 2 1BC 


Bai 62. 

Goi giao diem cua M,M 4 x M 2 M 3 = G. 

M 1 M 2 M 3 M 4 la hinh binh hanh. 

Goi O’ la doi xung cua O qua G 

D c :(0)->0' 

M, -> M 4 

OM, —>0'I, =0'M 4 
(Vi OM, 1 AB => O'I, //OM, ^01, 

Tirong tu: D c : (O) —» O’ 

M, ->m 3 

Vay cac ducmg M 4 I,, M 3 I 2 , M,I 4 , M,I 3 dong quy tai O’ vdi O' - D c : (O). 

Bai 63. 

Gia sir M dung duoe. 

Xet: D, : E ^ F 
A -> A' 

M->-M' 

MTB = AMB = ACB 

Vay: A' FB = n - ACB hoac bang ACB => F' e CD 

F’ e cung chiia goc nhin A’B duoi goc ACB hoac n - ACB 
Tim F -> D, (F) = E. 


D 
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B, 


C, 


Bai 64. 

Xet: D M (0,,R)->(0,,R) 

A, —> A 2 

B i ~* B : 

c, -» c 2 

Vay: AAjBjC, —»AA 2 B 2 C, 

O, —> O, nen M la trung diem 0,0,! 

Bai 65. 

Goi I la trung diem MM 3 ta co: AI = BC . 

Vay I co dinh. 

Xet D, (M) -> M 3 

Nen: M 3 eD,(O.R). 


Bai 66. 

Ta thSy rang dtrong iron noi tiep tam giac ABC. 

Cac tiep tuyen co 3 cap vdi nhau, vay 3 dtrong do la 3' 
dtrong can dung. 

Bai 67* 

ABCD co tam I doi xung 

D : A -> C f 1A = IC 

< o ABCD hinh binh hanh. 

A -> D [IB = ID 

AIC, BID thdng hang. 

Bai 68. 

Tam doi xung can tim giao diem cua 2 dtrong thdng song song each deu hai 



cap 


1 


01 ( 1 . 2 ) 


1) y = 3x + 1 va y = 3x -3 

2) y = -x -i-6 va y ~ -x 

Hai dtrong do la: v = 3x - 1 va y = -x + 3 . 
|y = 3x -l 
|y = -x + 3 
Bai 69. 

Gia sir AABC dimg dirge 
Xet: D p : A > D 

BoC 

nen A co dinh. D co dinh. 
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Vay: DCA = 180° - A = 180° - a nenCed. 


C g cung chua goc nhin doan AD. 

Bai 70. 

Dung phep doi xung tarn A 
D a : Px P' x' 

B -> C 

Vay: C = P'x'n Py 
B = D,(C) 

Bai 71. 

Dung phep doi xung tam I: 

Dj : a —> a 

b —> b ’ 



a'xc = D; b'x d = C => D, (D) = A; D, (C) = B 

Tu giac ABCD la hinh binh hanh can dimg. 

Bai 72. 

Xet phep doi xung tam A bien duong tron nho tam Q thanh (Q’) va (0 ) cat 
dudng tron ldn tam (Q) tai C. Duong AC cdt dudng tron ldn tai D, duong CAP 
cdn dung. 

Bai 73* 

Gpi y: Dung phep doi xurng tam E bien (O,) thanh (O^sau do tim giao 
x(0 2 ) tao thanh AB. 

Lay D e : A —» D 


B -> C 

thi 4 diem ABCD can tim. 

Chu y: xet cac trudng hop dac biet cua hai dudng tron 

Bai 74* 

Giai tuong tu bai 73. ^ 

Bai 75. 

Goi tam (O) xet phep: D 0 :(ABCDEF) thanh 

chinh no. Nen cac cap canh doi la hinh binh hanh. 

Vay cap canh bdng nhau nen O la trung diem AD, BE, b 
CF. 

Cac dien tich tam giac: 

S = q 

°AAOE ^AEOD 



s - s 

°AAOC °ACOD 

s - s 

°AOCE °ABOC 


'A ACE 


Y 2 abcdef. 
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PHAN 4 . PHEP QUAY 


A, Kien thurc eg ban 

I. Dinh nzhla: Cho diem I va goc lircfng giac a. Phep bien hinh bien mot 

IM-IM' 

i\6m M thanh mot diem M’ thoa man: 


(lM,IM’) = a 


dirpe goi la phep 


quay tarn I goc quay a. 

Ki hieu: Q” : M -» M’. 

II. link chat 

Phep quay tam I goc t/ua y a 

a) Bao toan khoang each giua hai diem: 

Q“ :A->A' 


B —> B' 


thi AB = A'B' 


b) Bien ba diem thing hang thanh ba diem thing hang va theo thir tir 
gitra cac diem tirong ung. 

Q“ : A,B,C —» A\B',C'. 

AC = AB + BC = A , B , + B'C , = A , C' 

c) Bien mot dirong thing thanh mot dircmg thing. 

di Bien mot tarn giac thanh tam giac bing tarn giac da cho. 
e'i Bien mot dirong tron thanh mot dirong tron co tam la anh cua tam 
dirong tron cho trirdc va co ban kinh bing ban kmh dircmg tron cho 
trirdc. 


Chuy: Q“ : d -> d’ Thi khi do 


• Neu a < — thi goc gitra d va d’ bing a nghla la: (d,d‘) = a . 

• Neu — < a < re thi goc gitra d va d’ bang 7t — a nghla la 

2 

(d,d’) = (7t-a). 


B. Cac dang bai toan tu giai 

L Bci tap mdu _ 

Oquq 1: (Bat I tip hj thtnjet 

Bai ^6. Chung minh tich hai phep doi xtrng true cit nhau la mot phep quay 
co tam quay la giao cua hai true, goc quay bing hai iin goc cua hai true. 

Ghi chu: The nao la tich cua hai phep bien hinh 

Cho 2 phep bien hinh: / : P -» P va g : P -> P . Goi M diem bat ki, thirc 
hien Her. tiep 
' / : W —> M' 


% 
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thi phep bien hinh: h : P -> P; h : M -> M M goi la tich hai phep bien hinh / 

vag. Kihieu g. /. Nhirvay g./(M)-» M" = g(M') = g[/(M)]. 

Vay rich g. / la ket qua thirc hien lien tiep hai phep bien hinh. Phep thur nhat 
la / va phep thd hai la g. Noi chung g. / va tich /.g la hai phep bien hinh khac 
nhau. 

Gidi 

Gia sir cho hai phep doi xurng true A, A’ va A x A’ = O. 

Xet D a .D a voi M ^ 0 co: 

D. (M) —» M' 

(theo hinh ve) 

D A , (M ) -> M" 

Ta co: (OM^OM ') = 2(OROM ) 

(OM^OM”) = 2(6m\OH’) 

ma (A^V) = (a + k7i) ==> (OM\OM M ) = 2(OH',OH") = 2(A,A') (1) 

Ngoai ra ta thay OM = OM ' = OM " (2) 

Tir (1) va (2) ta thay M bien thanh M” qua phep Q 2 ^ A J . Neu M = O thi 
D a .D a (0) = 0. 

Ket luan tfch hai phep doi ximg true la mot phep quay co tam quay la giao 

cu a hai true, goc quay bang hai l£n goc cua hai true. _ 

r Dqnq 2 : C&ae (Tin ft an ft on a hinh qua phep qua if. 

Phtrong phap chung: Xdc dinh dnh cua mot so diem mdxdc dinh hinh 
xdc dinh dnh cua hinh qua ede dnh cua ede diem. 

Bai 77. Cho duemg d va diem O. Hay xac 

dinh anh cua d qua Qq . 

Gidi 

Tir O ke OH 1 d. Tim H' = Qf (H) 

(tim H’ b^ng each dung A deu OHH\ HOH' = 60°) 

Ke d'lOH' Khido d' = Qjf (d) 

Bai 78. Cho dirong tron (O, R) va diem I. 

Tim anh cua durong tron (O, R) qua phep quay 
tam I goc quay 60°. 

Gidi 

Dirng O' = Q*° (O) bkigeach dung AOIO’ deu. 

Dung(0\R) = Qf" (O.R). 
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Datnj 3: Qhii'tuj minh mot so tilth chat cua met hinh oh t/icii mot so 
(mi to cut lutth hoc . 

Bai 79. Cho AABC, ve phia ngoai tam giac cac tam giac deu: AABB’, 
AACO\ Goi I, J lan luot trung diem cua B’C va CB. Chung minh rang ba 
diem AJJ hoac trung nhau hoac AAIJ d£u. 

Pith 

Xet: Q; j0 " : B ' —> B \ A 

=> B' C —> BC' \ / 

Va y I -> J / 

Neu I khong trung vdi A thi AAIJ dSu. B(^ 

^ 2 71 

Truong h(^> trung khi AABC can va A = —. 

Bai 80. Cho A/^BC, dung phia ngoai tam giac cac hinh vuong ABMN va 
ACPQ. Goi I la trung diem cua BC: O,, O, lan luot tam cua hinh vuong 
ABMN va ACPQ. 

a) Chung minh I0,0 2 la tam giac vuong can tai I. 

b) AI vuong goc vdi NQ va AI = NQ . 

Gich Q 

a) Xet : : N —> B 1 


C-+Q 




_f NC = BQ M \ \ 

^ [NC1BQ \ / 

Neu 0,1 la dircmg trung binh ABCN \ I s' 

0,1 la dudng trung binh ABCQ 

0,110,1 , cf 

\ " =>AIO.O, vuong d I. 

o,i = o 2 i 1 2 6 

b) Xet qJ: E -> N 
C ->Q 

Khi do AB = AE. 

^ fEC = NQ 

EC -> NQ => [ 

[EC1 NQ 

na AI la dirong trung binh ABCE <=> AI ± NQ va AI = CE = j/[ NQ 
(dpcm). 
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Bai 81. Cho hai doan th&ng AB = A’B’. Hay xac 
dinh phep quay bien diem A thanh A’, bien diem B 

thanh B’. 

Gidi 

Xet hai dirong trung trirc A A' va BB’ la A„ A 2 
A,xA 2 =I can tim. Goc quay 7i-| AB,A'B'j 

Vay AIAB = AIA'B’ nen ALA' = BIB 1 . Xet 
QT czin tim. 



[Onity 4: <Vqn dung phep quay fte dung hinh oa gidi bai toga q ttij $U4i\ 


Bai 82. Cho nira dirong tron dirong kinh AB. Mot diem C chuyen dong 
tren nifa dirong tron. Tim tap hop cac diem I tren tia AC sao cho AI — BC. 

Gidi 

Goi O la diem chinh gitra cua cung AB. 

X6t hai AOIA = AOCB 

(Vi OA = OB; AI = BC; OAC = OBC) 

nen (OQOI) = (OB^OA) = ^ 

Xet : B A 

C -» I 

ma Ce => I g Q 0 2 (M,^B/) la dirong tron tarn M’ ban kinh 

*»/r 

Bai 83. Cho hai dudng thdng a, b song song vdi nhau va diem C khong 
nkm tren hai dirong. Tim tren a, b lAn loot hai diem A, B sao cho AABC deu. 

Gidi 

Phan tick: 


Bcb. AABC d&u 



n/ 


Xet Qc 3 : A -> B 

ma A e a => B e a' = Q^ 3 (. 

b e b => B = a x b 

Dung: 

Dung a' = Q' 3 (a) bang each lay CH 1 a. 
Dutjg A diu CHH\ Tai H ke a' ± CH 
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a' -- (a); a'x b = B => A - Q c 3 (B) ^ AABC cAn dung. 

Bien I nan: 

Bai toan c6 2 nghiem do tmh chat phep quay the hien qua hinh ve. 

Bai 84. Tren doan thang AB lay mot diem C nfim giua AB. Dung cac tam 
giac d6u AACE, va ABCF sao cho E, F n&m cung mot phfa AB. Goi M, N la 
trung diem cua AF, BE. Chimg minh AMNC deu. 

Gidi 

Q J : A -> E 
F B 

nftn AF -> BE => M -» N. 

Vay ACNM d£u. 

Bai 85. Cho nua dudng tron dudng kfnh AB, mot 
di^m C thuoc dudng Iron. Dung phfa ngoai A ABC 
mdt ABCD d£u. Tim tap hop diem D khi C thay doi 
tren nua dudng tron. 

Gjdi 

Xet Qg 3 : C —> D 

V<ay C thuoc nua dudng tron dudng kfnh AB thi 
D thuoc anh cua nua dudng tron anh qua phep quay 

q?- 

Dung anh: goi O la tam nua dudng tron, dung A BOO’ deu O' = Qg (O). 
Dung (0\R = AB />y 



D 


IL, Bai tap tusiai 

r P*htin 1: r 3ai tap trae nyhietn 

Biai 1. Cho M(2, 2). Hoi 4 diem sau diem nao la anh cua M qua phep quay 
tanr O goc quay 45°. 

a) M,(2V2,0) b)M,(-2V2,0) c) M,(0,2 VI) d) M 4 '0,-2>/2). 

Biai 2. Cho hinh vuong ABCD tam O, co bao nhiSu phep quay tam O goc 
quay a (0 < a < 2n ) bien hinh vuong ABCD thanh chinh no? 
a) Co I b) Co 2 c) Co 3 d) Co 4. 

Bai 3. Cho tam giac deu ABC tam O co bao nhifiu phep quay tam O goc a 
(0< a < 2n) bien tam giac deu ABC thanh chinh no? 

a) Col b) Co 2 c) Co 3 d) Co 4. 
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Bai 4. Cho hinh chir nhat ABCD tam O goc (0 < a < 2 tc) . Hoi c6 bao 

nhieu phep quay tarn O goc quay a bien hinh chu nhat ABCD thanh chinh 
no? 

a) Co 1 b) Co 2 c) Co 3 d) Khong co. 

Bai 5. Cho dircmg iron tam (O) ban kinh R. Co bao nhieu phep quay tam 

(O) goc quay a (0 < a < 27i) bien duong tron (O) thanh chinh no. 

a) Co i b) Co 2 c) Co 3 d) Vo so. 

Bai 6. Cho hai duong thing x - 2y + 4 = 0 (d) va 2x + y - 1 = 0 (d'). 

Cac menh de sau, menh de nao dung? 

a) Phep quay t&m 1(0, 1) goc quay bi6n d thanh d\ 

b) Phep quay tam 1(1,0) goc quay - ^ bien d thanh d\ 

c) Phep quay tam 1(0, 1) goc quay ^ bien d thanh d\ 

d) Phep quay tam 1(1, 0) goc quay ^ bien d thanh d\ 

Bai 7. Cho dirang thing d): x +.y -1=0 va 1(0,1). Hoi phep quay tam 1 
goc quay ^ bien d thanh dircmg thing nao co phirong trinh sau? 

a) x - y + 1 = 0 b)x + y + l= 0 c) x - y - 3 = 0 d)x + y- 2^0 
Bai 8. Cho dirang tron x 2 + y 2 ~6x f 2y -6 = 0 (C) va phep quay tam 
(O) goc quay ^ bien ducmg tron (C) thanh dirang tron nao sau . 

a) x 2 + y 2 + 2x - 6y - 6 = 0 h) x 2 + y 2 - 2x - 6y - 6 = 0 

c) x 2 + y" + 2x -f 6y - 6 = 0 d) x 2 -t- y 2 + 2x + 6y + 6 = 0. 

Bai 9. Cac menh de sau, menh de nao sai? 

a) Phep quay bien dirang tron thanh mot dirang tron co ban kinh 
bing ban kinh dircmg tron cho trirdc va co tam la anh ciia t&m duforng 
tron cho trirdc. 

b) Phep quay bien dirang thang thanh dircmg thing. 

c) Phep quay Q" bien ba diem thing hang thanh ba diem thing hang 
va bao toan theo thur tir. 

d) Phep quay Q* bien hinh vuong thanh hinh vuong. 

Bai 10. Cho duong thing x + y -1 = 0 , phep quay tam O goc quay 

bien dudng thing do thanh dircmg thing nao sau day? 
a)x-y + l= 0 ' b) x - y - 1 = 0 

c) -x - y + 1 = 0 d) x + y + 1 = 0 . 
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fjPhan 2 . r £ai tap tu lui/en 

f/)(/ ft{/ 1: fQu'iuj anh eu a hinh qua pf tvp quay 


Bai 86. Trong mat phAng toa do Oxy cho M(3, 4). Hay tim M’ la anh cua 
M qua phep quay tam O, goc 30°. 

Bai 87. Cho ducmg tron (C) co phircmg trinh: (x +3)" + y 2 = 9 . Hay viet 


phtrong trinh duong tron (C’) qua phep quay tam (O) goc toa do, goc quay 

_n/ 

/ 2 ' 

Bai 88. Cho hai diem A\ B’ la anh tirong ixng cua hai diem A, B qua phep 
quay AB cdt A’B’ tai K. Chung minh tam quay la giao diem thu hai cua 2 
dudng tron (AA’K), (BB’K). 

Bai 89. Cho ba diem A (3,-2); B(0,4); C(-5,-l). Hay tim anh cua ha 


diem A, B, C qua phep quay tam goc toa do, goc quay-^. 


Bai 90. Cho nua dirdng tron duong kfnh AB. Lay diem C tren nua duong 
tron, dung phia ngoai AABC hinh vuong BCEF. Tim quy tich F khi C thay 
doi tren nua ducmg tron. 

Bai 91. Cho tam giac deu ABC, mot diem M thuoc trong tam giac. Chung 
minh r^ng: 

MB - MC| < MA < MB 4 MC. 

Bai 92. Cho hinh binh hanh ABCD, dung tam giac deu ABE va ADF sao 
cho dinh E nSm cung phia diem C doi vdi ducmg AB, diem F cung phia diem 
C doi vdi AD. Chung minh CEF la tarn giac deu. 


\ Patty 2: ^Dttruj hlnlt im hai to/m qaij tten\ 

Bai 93. Dung tam giac c&n ABC sao cho dinh B thuoc ducmg thdng d va 

dinh C thuoc ducmg tron (O, R), goc a dinh A: BAC = 40°. Dinh A da cho 
khong thuoc hai ducmg tren. 

Bai 94, Dung mot hinh vuong thoa man dieu kien. Cho ba diem khong 
thdng hang trong do co mot diem la tam con hai diem kia thuoc hai canh lien 
tiep. 

Bai 95. Cho d,//d 2 //d 3 . Hay dung tam giac d4u ABC vdi A e d„ B e d 3 , 
C e d 3 . 

Bai 96. Dung m6t hinh vuong thoa man di6u kien: Cho ba diem khong 
thang hang trong do co mot diem la dinh hinh vuong, con hai diem kia thuoc 
hai canh hinh vuong khong di qua dinh do. 

Bai 97. Ttr cac canh AABC dung cae tam giac BCA,, ACB,, ABC, deu. 
Chung minh AA„ BB,, CC, dong quy. 
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Bai 98*. Dung phfa ngoai AABC cac tam giac vuong can ABO,, ACO : tai 
O, va 0 2 . Goi O la trung diem cua BC. Chung minh OO, 100 2 va 
OO, = oo 2 . 

Bai 99*. Dung phfa ngoai tam giac ABC cac hinh vuong co canh AB, BC, 
AC. Goi tam cac hinh vuong la O,, 0 2 , 0 3 . 

a) Chung minh: 0,0 3 = A0 2 ; 0,0 3 1 A0 2 . 

b) Chung minh 4 trung diem cac doan AB, A0 2 , AC, 0,0 3 la dinh hinh 
vuong. 

c) Chung minh AB0 2 0 3 = ACO,0 2 . 

Bai 100. Tit cac canh tam giac deu dung phfa ngoai tam giac cac hinh 
vuong. Chung minh tam cac hinh vuong la dinh tam giac deu. 

Bai 101. Tren dixbng tron (O, R) cho A co dinh va diem B thay doi. Goi 
M la trung diem day AB. 

a) Lay tren tia MB mot diem I thoa man OI = 20M. Tim tap hop diem I. 

b) Tim quy tfch E va F lay tren Ox//AB va OE = OF = OI. 

Bai 102. Cho dirbmg lining d va diem A a ngoai dirbng thing, mot diem 
Bed, dung AABC deu. Tim tap hop diem C khi B thay doi tren d. 

Bai 103. Cho dubng tron dubng kfnh AB, mot diem C thuoc ducmg tron. 
dung phia ngoai AABC hinh vuong BCDE. Tim tap hop E. 

Bai 104. Cho ba dubng tron dong tam (C,), (C 2 ), (C 3 ). Dung mot tam giac 
deu co 3 dinh nim tren ba dubng tron. 

Bai 105. Dung AABC biet 3 dinh 3 tam hinh vuong dung phia ngoai tam 
giac va canh la canh hinh tam giac. 

Bai tap tu lam 

Bai 106. Cho tam giac ABC. Tim M nam trong AABC sao cho 
MA + MB + MC be nhat. 

Bai 107. Tircac canh mot hinh binh hanh dung phfa ngoai hinh binh hanh 
4 hinh vuong. Chung minh r4ng 4 tam hinh vuong vua dung la 4 dinh hinh 
vuong. 

Bai 108. Cho goc xOy = lv, tren phan giac goc vuong lay mot diem A co 
dinh. Ducmg tron di qua A va O cdt Ox a M, c^t Oy a N. Chung minh 
OM + ON = h^ng so. 

Bai 109. Cho hai dubng thclng a, b song song vdi nhau va mot diem G 
khong n^m tren chung. Hay xac dinh tam giac deu ABC ma A e a, B g b, G 
la trong tam tam giac. 

Bai 110. Cho dubrng tron (O, R), mot diem A co dinh thuoc dubng tron, 
mot diem M di dong tren dubng tron, goi I la trung diem cua AM. Tim tap 
hop diem K cua tam giac deu OIK. 
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Bai 111. Cho hinh vuong ABCD; M, N lan lirat thuoc BC, CD. Goi E, F 
lan luot la hinh chieu cua B len AM, AN, goi I, J lan krcrt la hinh chieu ciia D 

len AM, AN, goi O la tain cua h'inh vuong. Xet phep quay: Qq° . 

a) Chung minh ABAF co anh la AADJ. 

b) Xac dinh anh cua ABAE. 

c) Chung minh EF .L IJ . 

Bai 112. Cho A ABC d£u, diem M n^m trong tarn giac sao cho 

MC 2 - MB 2 + MA 2 . Tinh goc BMA - ? 

Bai 113. Tren cac canh AB, CD cua hinh binh hanh ABCD phia ngoai 
nguoi ta dung cac tarn giac deu ABE, CDF con tren AD, BC phfa ngoai dung 
cac hinh vuong co tarn la G, H. 

Chung minh tu* giac EGFH la hinh binh hanh. 




f T)han 2, (Bat tan ta taueti 

Bai 86. 

Bai toan tong quat. Tim anh M(x, y) qua phep (Phep quay tarn O goc 

quay a). 

Dat OM = a 
Goi M’ = Q“ 0) (M) 

M'(x',y') 

Goi p = (Ox,OM) 

Taco: (OM,OM') = a 
x = a cos (3 
y = asin[3 

x' = a cos (a -f P) x' = a (cos a cos p - sin a sin P) 

O \ 

y' = a sin (a + P) y' = a (sin a cos p- cos a sin P) 




x' = xcosa - y sina 

o 

y' = xsina + ycosa 

(Day chinh la bieu thurc toa do tim anh cua mot diem qua phep quay tam 
O goc quay a.) 
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Ap dung: Tam O goc quay 30°. 


M(3,4) =>M' = Qq (M) = 


x' = 3 cos 30° -4 sin 30 
[y' - 3sin30° + 4cos30 


o 

o 



y' = y 2 + 2j2 

=> - 2 ,y+ 2V3 j. 

Bai 87. 

Duong tron (C) c6 tarn I(-3,0) ban kinh R = 3. Q 0 2 : (I) —» I'(0,3) vay 


(C’)co phuong trinh: x 2 +(y-3)"-9. 


Bai 88. 

Goi goc AKA' = a. 



Nen tir (1), (2) va (3) ta co: AIBA = AIB’A’ <=> IB - IB’;IA = IA’. 
Vay: Q r ; a : A -* A' 


B -> B'. 

Bai 89. 

Theo cong thufc bai 86: 


x = xcosa-ysina 
y ’ = xsina + ycosp 


A(3,-2)-> A' 


x' = 3cos(-^/) + 2sin(-^ 4 
y = 3s in(-%) + (-2)cos(-^/) 
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Ti/ong tu B'(2 a/2,2^); C’(-3>/2,2n^). 

Bai 90. 

Xet: q / 2 :C-^F 

Vay C e nira dirong tron dirong kinh AB. 
Vay F thuoc anh cua nira dirong tron dirong 

_n/ ^ 

kfnh qua phep Q B 2 . Dung anh nira dirong 
tron (O) dudng kinh AB. 



o-Q B ^(o). 

Bai 91. 


Q a° : B -> C 
M -> M’ 

BM = CM' 

Xet ACMM’ 

MC - MB = MC - M 'C < MM' < MC + M'C 


<=> 


MC - MBl < MM' = AM < MC + MB (dpcm). 


A 



Bai 92. 


Ve hinh binh hanh ABEK (la hinh thoi) va (AB, AE) = (AE, AK) 
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Dung: 

Dimg: d' = Q~f(d). 

Lay: d'x(0,R) = C. 

Dimg: Q-f(C) = B. 

Bai toan c6 nghiem khi d'x(0,R) thirdrng c6 hai tarn giac. 

Bai 94. 

Gia sir cho 3 diem M, N, I vdri I la t&m hinh vuong M e AB, N e BC. 
Phan tich 

Gia su ABCD hinh vuong can dung: 

Xet: Qf : A —» B A_ 

B -» C 

Vay AB -> BC ma M e AB => M ’ = Q f (M) e BC 
V&y each dimg BC (di qua N va M’). 

Cach dimg: M \ 


X 

---o, 


A / 

d, 

/V H’ 


A, \ 


V_A 

j/\ ju—^ 

d 3 


Dung BC di qua M’N. B f 

Dung BMIM'N. 

Dimg BI = ID qua I ke lx _L BD, lx x MB = A; lx x BC = C . 
Hinh vuong ABCD c&n dimg. 

Bai toan thuong co 2 nghiem -^— J— 

Xet: Q; 90 ° va Q 90 °. /|Vh’ 

Bai 95. / \ 

Huang dan / A 

Lay A bat ki, A € d,. / ^ _ 

Xet: Q; 60 ” : B —> C - 

B E d 2 => C e d 2 = Q^ 60 (d 2 ) 

Vay C = d 2 x d 3 . C, 

Xet Q^° : C -» B => AABC cin dimg. 

Bai toan co hai ho nghiem. 

Bai 96. Tuong tir bai 94. 

Bai 97. 

Xet Qf : C, —> B 
C-+B, 

=> C,C = BB, 

(BB^CC.) = 60° A, 


N M’ 
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Goi I = BB, xCC, 

Tii giac BIAC, noi tiep nen AIC, = 60° 

Xet: Q f : A -» C, 

A, ->C 

nen AA, —> C,C => AA, = CC, 

(AA,,CC,) = 60° => A,I, A, thing hang, hay AA,, BB,, CC, dong quy. 

Bai 98. 

Cdch 1: Van dung bai 80. 

Cdch 2 : goi I, K trung diem AB va AC 

0.1 = i AB = OK 

2 

o,k = 1ac = oi 
2 

o,k±oi 

Dung hlnh binh hanh: OIO,E va OKO,F. 

Ta co: OE ± OK va OE = OK ’ c 

011 OF va 01 = OF 

Xet: Qq" : E ->K ys 

1 -> F / \ s' \ 

:=>OIO,E->OFO,K / °U-\ 

Vay OO, 1 OO, va OO, = OO,. n. 

»*'*>■ , ’ \Cm[ \ k / 

a) Goi cac trung diem cac canh AB, BC, / \ 

AC Ik I, J, K. / 

Xet phep quay: Q™ j J 7^ 

(Theo bai 98): KO, 1 K0 2 ; KO, = KO : / 0 2 / 

Qk : 0 3 -> A / 

O, —> o 2 

0 3 0, = A0 2 ; 0 3 0, ± A0 2 (dpcm). 

b) Chung minh 4 trung diem AB, A0 2 , AC, 0,0 3 
la 4 dinh hinh vuong. 

That vky: Goi trung diem A0 2 la M, 0,0 3 la N. Chung minh IMKN la 
hlnh vuong. 

Xet : AABO, => IM = V. BO, 


AACO, 


MK = Yi C0 2 


IM = MK = J/C0 2 ; IM1MK(C0 2 1B0,) 


KN = KM 
KN 1 KM 


Theo cau a) Q k : N —> M = 

Vay: 

IM = MK = KN 
IM1MK 

KN 1MK 

Suy ra: IMKN hinh vuong. 

c) Chung minh: AB0 2 0 3 = ACO,0 2 (dua vao cau a) 

Bai 100. (Dira vao bai 98, 99 de giai). 

Bai 101. 

a) Ta tha'y AOMI vuong. 

OM = y 2 0\ => AIO = 30° 

Vay I thuoc 2 cung chiia goc 30°nhin AO. 

b) Xet goc (ObOF) = 30° 

Nen Q 0 30 " : I -> F. 

Vay F thuoc anh cung chufa goc 30° nhin doan AO. 
Xet: Qp 50 thi I -> E suy ra quy tich E. \ d’ 

Bai 102. 



Xet: Qf : B -» C 


Ma B e d => C e Qf (d) 


Hoac xet: Q A 0U : B -> C 
Nen CeQf (d). 



Bai 103. 

La'y AB lam bd vdi C e AMB 


Xet Q b 90 : C -» E 


C g AMB => E g Q b w (AMB) 
Ee(0,). 

Xet C e ANB 
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Xet Q 9 f : C -> E 
Vay E e (0 2 ) 

Ket luan quy tich tap E la hai nira dirong tron (O,) va (0 : ). 

Bai 104. 

Lfty A e (O,); Bg( 0 2 ); C e(0,) 

Gia sir AABC dirng duqc: 

Qf : B -> C 
C e (o, ) => C g (o, ) 

V(iy co the co 2 C 
Q a 60 " : C —> B 
AABC can dung. 

Bai 105. 

Van dung bai 80 va 89, tim duqc trung diem cua cac canh AABC => tim 
duoc 3 trung diem 3 canh => dung AABC. 

Bai 106. 

Xet Qf : M -» M' 

A -> A' 

MA + MB + MC = CM + MM'+ M' A' 

Vay MA + MB + MC nho nhat khi MA + MB + MC = CA'. 

Xet hai trircmg hop CA’ cat AB. 

Truong hop CA’ khong cat AB 

Chii y : AABC deu thi M giao cua 3 ducmg cao. 

Bai 107. Goi y: dira vao bai so 80 va 98. 

Bai 108. Goi y: 

Dung phep quay Q 1 ^ 0 : M N 

O -> B 

nen OM + ON-OB. 

Bai 109. 

Gia sir AABC deu can dung duqc, ta co: AGB = 120°. 

Xet Q'f : A -> B 

Aear>BG Q G ° (a) = a'. 

B = a 'x b 

a=q g ,20 °(B) 

Suy ra each dung. 
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Bai 110. Tim tap hop I ducmg tron dudng kfnh AO. 

Xet: Qq° : I -» K 

Nen I e dudmg tron dudng kfnh AO thi K thudc ducmg tron anh qua Q 

Bai 111. 

ABAF va A ADJ. 

Xet: Qo° : B -> A 
A -> D 

va co: B = A => Q«" : F -> J => ABAF = AADJ. 

Lap luan tucfng tu ABAE -> AADI => EF X IJ. 

Bai 112. 

Xet: Q; 60 " : M -> M' 

B -> C 

=> CM' = BM 
MC 2 = CM ,2 + MM' 2 

Vay: CM’ M = 90° => CATA = 150° => BMA - 150° 

(Vi Qf' : (AABM) -> AACM ’) 
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PHAN 5. PHEP DC)l HINH VA HAI HINH BANG NHAU 


A. Kien thiirc ca ban 

/. Dinh nghia: 

Phep dai hinh la mot phep bien hinh bao toan khoang each gitra hai 
diem bit ki. 

- Hai hinh bing nhau neu co mot phep bien hinh la phep dai hinh bien 
hinh nay thanh hinh kia. 

Vay cac phep tinh tien, doi xumg tam, ddi xtfng true, phep quay la 
phep dai hinh. 

IL Tinh chat. 

Tich hai phep bien hinh cho / : P ^ P va g:P—>P. Mot diem M bat 
ki thuoc P. Neu /:M— >M' va g:M'-»M M thi phep bien hinh bien 
M -> M " goi la tich hr : phep bien hinh / va g. Ky hieu g./. 
g./(M) = M" = g(M') = g(/(M)) 

(Chu y thirc h\tn lien tiep thur nhat la /, thu 2 la g). 

Chu y: g./ * /.g 

1) Tich hai phep doi hinh la mot phep dai hinh. 

2) Phep dai hinh: 

a) Bien ba diem thing hang thanh ba diem thang hang va bao toan thur tir 
gifla cue diem tuang umg. 

b) Bien mot dirang thing thanh mot dirong thing. 

c) Bien mot tam giac thanh mdt tam giac bing tam giac da cho. 

d) Bien mot dirang tron thanh mot dirang tron ban kinh bing ban kinh 
dirong tron da cho. 

III. Hai hinh bans nhau: 

Hinh H goi bing hinh H’ neu co mot phep ddi hinh: /: P —> P bien 
H thanh H’: /(H)-H'. 

- Neu: H = H’ va H’ = H” thi H - H”. 

B. Cac dang bai toan tu giai 

7. Bai tap mdu _ 

r Oqng /: (Xjdft (tinft dnh qua phep did hinh. 

Phircmg phap chung: 

Dung dinh nghTa, tinh chat cua phep ddi hinh de xdc dinh dnh cua 
phep ddi hinh. 

Bai 114. Cho dirong thing 2x -y-4 =0, viet phuong trinh d’ la anh cua 
phep doi hinh bang each thirc hi&n li&n tieip phep bien hinh: 

Phep ddi xung tam 1(1, 1) va phep tjnh tien theo v = (-2, l). 
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Gidi 

x'+x = 2=>x = 2- x 


y'+ y = 2 => y = 2 -y' 

Nen (d’) qua phep doi xutig tam 1(1, 1). 

2(2-x')-(2-y')-4 = 0o 2.2- 2x'-2 + 2y'-4 = 0 o -x’+ y1 = 0 


V£y (d’) co phuong trinh: x - y + 1 = 0 . 

Qua phep tinh tien: v = (-2, l). Theo bieu thtfc toa do M(x, y) co 
M'(x', y') 


MM' = v <=> < 


|V = x -2 

[y’ = y + i 


<=> 


Jx = x'-f 2 

|y = y'-i 


Vay qua phep v : T v : (d') —> d" 


x'+2-y + l + l = 0o(d"):x-y+4 = 0. 

Bai 115. Cho hai tam giac ABC va A’B’C’ bang nhau (AB = A’B’, 
AC = A’C\ BC = B’C’) bao gib cung co m6t va chi mot phep doi hinh 
/:P->P bien: A->A'; B->B’; C->C'. 

Gidi. 

Gia sir A, A’ la hai diem phan biet goi A, la trung true cua AA’ 

Xet phep doi xung true A,: D A : A -> A' 


B —» B, 


C->C, 

=> AA’BjCj = AA'B'C'; A B, = A'B'. 

Neu Bl, B’ phan biet A-, la trung true B,B’ va xet phep dtfi xung : 
: |.A -> A ' 

B, —> B' 

C, -> C 2 

=> AA'B,C, = A’B'C r 

Neu C2, C’ phan biet xet trung true C,C’ la A y 
Xet phep D a :A’->A' 

B' -> B’ 


C 2 ->C’ 

=> AA'B'C, = AA’B'C'. 

Vay D a ,D a ,D a : AABC = AA'B'C'. 
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Itai 116. Cho v =(2,l) va dirang thing x - y - 1 = 0 (d). Hay tim anh cua 

dircmg thing d bing each thirc hien lien tiep phep quay tain O goc quay 90P 

va phep tinh tien v . 

Qidi 

Theo bieu thurc toa do phep quay tam O goc quay a 
(x' = xcosa -y sin a fx' = -y fy = -x' 

< <=>{ <=> i 

I y' = xsina + ycosa [y' = x [x = y' 

Vay ta co: d'= Qq° (d): y'+ x1 = 0 . 

Vay d’ co phircmg trinh: x + y - 1 = 0 . 

Dung phep tinh tien: T (d') = d" 

x" = x + 2 fx = x2 

s <=> < 

y" = y + l [y = y 1 

Vay (d”) co phirong trinh: x2 + y1 -1 = 0 <=> x"+ y "-4 = 0. 

(d"): x + y - 4 = 0. 

Ket ludn: (d) qua tich hai phep bien hinh: 

T v Qo (d) -> (d"): x + y - 4 = 0. 

Bai 117. Cho hai doan thing AB va A’B'; AB = A’B’. Xac djnh phep den 

hinh bien A thanh A’, bien B thanh B’ 

/ , 

Ung dung giai hai toon sou: 

Cho hinh hinh vuong ABCD co tam I. Tren tia BC lay E sao cho BE = AL 
Xac dinh phep dai hinh bien A thanh B, bien I thanh E. 

Dtfng anh cua hinh vuong ABCD qua phep dbi hinh ay. 

Cidi 

Cho AB, A’B’, AB = A'B' 

Dung phep tinh tien AA': T : A —> A' 

A A 

B -> B" 

Tam giac A’B”B’ la A can dinh A’. Ve trung true B"B'. 

Xet D A : A' —> A' 

B"—> B' 

vay D a .T aa , :AB-> A'B'. 

Van dung: AI = IB = BE. 

Xet: D a : A -> B A 

I-»I 
Xet Dj : B -> B 

I -» E 

Vay DjD a : AI-+BE. 
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Co the xet phep: 

Q b ^ : B -> B 0 Q-% . AI _> BI 

I —> E 

Tim anh cua ABCD qua phep bie'n hinh D d D A 


D d D 4 : A -> B = A’ 

D -> D’ 
C->C 
B -» B' 

ABCD —> A'B'C'D'. 



B’ 
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PHAN 6. PHEP VI TIT 


A. Kien thurc eg ban 
/. Dinh nshia: 

Cho diem I co dinh va so thuc k * 0. Phep vj tu t&m I ti s 6 k. Ky hieu: 
Vj k la phep bien hinh trong mat phing 

V, k : P -> P 
M —> M’ 

Thoa man: IM' = kIM. 


II. Bieu thuc toa do phep vi tu 

Trong mat phing Oxy: M(x, y), I(xO, yO), M’(x\ y’) thi ta co: 
1M' = (x'-x 0 , y'-y 0 ); 

IM = (x - x 0 , y - y 0 ) 




x'-x 0 =k(x —x 0 ) 

y'-y 0 =k(y-y 0 ) 




x 1 = kx + (l -k)x 0 
y' = ky + (l -k)y 0 


III. Tmh chat: 

1) Phep vi tu ti so k gid sic AB co dnh tticfnz tfnx A 'B' 
a) aJb' = kAB 


b) 



2) Phep vi tuti so k 

a) Bien ba diem thing hang thanh ba diem thing hang bao toan thu tu 
giua cac diem tuerng urng. 

b) Bien mot dudng thing thanh mot dirdng thing song song (hoac trung) 
vdi dudng thing cho trude. (Trudng hop trung khi dudng thing cho trude di 
qua t&m vj tu) 

c) Bien m6t tarn giac thanh mdt tarn giac d6ng dang vdi tarn giac da 
cho. Ti so d6ng dang bing ti so vi tu 

d) Bien dudng tron thanh mot dudng tron co ban kmh r' = |k|r va co 

t&in la anh cua tam dudng tron cho trude. 

e) Neii k = -1. Phep vi tir la phep doi xdng tarn I. 


B. Cac dang bai toan tir giai. 

/. Bed tap mdu _ 

r Oqnq 1: r Jjae (firth an It tit a mot tun It qua phep tu tu 

Phtrong phap: 
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- Dung dinh nghTa, tinh chat cua phep vi ti/xac dinh dnh cua cdc diem 
dac hiet f xdc dinh hinh H ti( do xac dinh hinh H' = Vj k (H). 

Bai 118. Trong mat phing toa do Oxy cho I (2, l) va dircmg thdmg 
(d): 2x-y —3 = 0 . Hay viet phuong trinh duong tiling d' la anh cua d qua 
phep vi tu tarn I ti so k = 2. 

Gidi 

d'//d nen (d’) co dang: 2x - y + m = 0 . Lay M (0,-3) e d theo bieu there 

toa do cua phep vi tu: 

fx' = 2.0 + (l-2)2 f x' = -2 

M = V 2 (M)< o 

1 ^ y' = 2(-3) + (l - 2)1 \y' = —7 

Vay (d‘) di qua M’(-2,-7) nen m = -(-4 + 7) - -3 . 

(d') co phuong trinh: 2x - y - 3 = 0 . 

Bai nay co the co each giai lay M,Ned. Tim M' = V 2 (M); 
N' = V, 2 (N). Viet phucfng trinh d' di qua M', N'. 

Bai 119. Cho duong tron: (x-2)“ +(y-l)' =9 (C). Hay viet phuonig 

trinh dirdng tron anh cua ducmg tron (C) qua phep vi tu tarn (O) goc toa do, ti 
so vi tu k - -2. 

Gidi 

Duong tron (C) co tarn 1(2, 1), R = 3. 

Theo cong thuc bieu thiic toa do thi tarn I' = V Q 2 (i) 

x‘ = kx+(l-k)x 0 f x' = -2.2 h- 0 , x 

Co toa do: , o =>lU-2 . 

y' = ky + (l - k)y 0 [y' = -2.1+0. 

Ban kmh: r' = |2| 3 = 6. 

Phuong trinh anh cua (C) qua V~ 2 la duong from: 
(x + 4) 2 +(y + 2) 2 = 36. 

Bai 120. Cho hai tarn giac ABC va A'B'C co cac cap canh tirong drug 
song song: AB//A'B\ AC // A'C, BC//B'C. Hay xac dinh phep vi tu oi&n 
AABCthanh AA’B’C. 

Gidi 

Xet phep vi tu: / : AB -> A'B* (AB//A B ). 

Xet AA'x BB' = E. 

Khi do / :C —>C' vi /: A-> A* 

B -> B' 
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Ma AC//A C; BC//BC; AB//A'B' =* C duy nhat. 

Neu A A ’x BB'x CC -- E phep vi tu bien A ABC thanh AA’B'C vdri ty so: 
k A'B' >VC' 

AB ~ AC 

Neu AA', BB', CC khong cat nhau nghla la AA'//BB//CC khong t6n tai 
phep vi tir nao. 


fOatuj 2. ^Oan dun g phep t )i ft/ ite <//df hat to fin hitth hoe 


Phirang phap chung: 

- Xdc dinh tdm, ti so vi tit khi hiet dnh vd tqo dull. 

- Cho hai hinh vi tu v&i nhau xdc dinh tdm vd ti so vi tu 

- Chung minh cdc diem thdng hang, cdc duatig thdng dong quy nhd 
phep vi tu. 

- Chung minh hai du&ng thdng song song khi hinh nay Id vi tit hinh kia. 

- Xde dinh dang thUc lien he giua cdc ti so, cdc doqn thdng khi qua 
phep vi tir bien doan thang nay thanh doan thang kia. 

Bui 121. Cho mot diem A trong goc xOy. Hay dung mot dircmg tron tiep 
xuc vdri hai canh Ox va Oy di qua diem A. 

Gidi 

Gia sir (I) di qua A tiep xuc voi Ox, Oy. Dung them ducmg tron (I*) tiep 
xuc vdri Ox va Oy. 

Vay (I) va (F) co tam vi tu la O. 



61 



EB EC BC BM’ 2BM' 

EA ~~ ED ” AD ~ ~AN ~ AD 

Vay BM' = BC => M = M' => E,M,N thing hang. 

Tuong tur: M, N, F thing hang. 

Vay 4 diem EFMN thing hang. 

Bai 123. Chung minh ring trong mot tarn giac, true tarn, trong tarn, tarn 
duong tron ngoai tiep thing hang. 

Gidi 

De churng minh 3 diem thing hang thi chi can chi ra phep vi ttr co 1 trong 
3 diem la tarn. Hai diem con lai la anh va tao anh qua phep vi tir. 

Goi G, H, O lan lufqrt la trong tarn, true tarn, tarn duemg tron ngoai tiep. 

Xet W G ^ : Goi A,, B„ C, la trung diem BC, CA, AB 

V^:A->A, 

B->B, 

C-»C, 

Vay: V G ^ : (ABC) -> A,B,C,. 

D6 thiy O la true tarn AA,B,C,, vay. 

V g ^(H) = 0 (Bien true tarn thanh true tarn) ® 

Vay G, O, H thing hang (dpcm) 

Ta co: GO = --GH. 

2 

Goi I la tSm duemg tron (A|B,C|) thi GI = "GO. 

Vay 4 diem G, H, O, I thing hang. 

(Duong thing nay goi la duong Ole. Duong tron tarn I ngoai tiftp 
AA,B,C, goi la duong tron Ole). 

Bai 124. Dung AABC biet goc BAC = a hai duong trung tuyen BD va CE lin 
loot bing m, n da cho. 

Gidi 

Phan rich: 



Gia six AABC dung duoc quy ve dung AABD. Trong do BD = in. 


BAD - a, GE = ^ n . Ta thay tim A vi BD = 

A thu6c hai cung nhin BD dudri 1 goc a. 
A = Vg (E) ma Ee(G.j^n). 
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C 




b r/3 11 / 


Cdch dtfng: 

Dung BD = m. 

Dung cung chua goca nhin BD. 

Dung duong tron tam ^G,J/^n) vdi BG = ^BD; dung ^G\^nJ 
vdi G' = Vg (G). 

Lay giao (G',^nJ vai cung chua goca. 

Dirac diem A => AABD dung duac => Tim C. 

Bai toan thudng co hai nghiem. 

Dung C: AC = 2AD. 

Bai 125. Chung minh ring trong mot tam giac 9 diem sau day nim tr6n 
duemg tron. 

3 trung diem cac canh; 3 chan duong cao; 3 trung diem 3 doan thing ndi 
cac dtnh vdi true tam. 

Giai 

Goi H la true tam, E, D, F la chan 3 duemg cao. 

A,, Bj, C, la 3 trung diem ba canh BC, CA, AB 

I, J, K la trung diem 3 doan noi cac dinh vdi 3 
true tam. 

Ta thay cac diem doi xurng vai H qua 3 canh BC, 

CA, AB la H„ H 2 , H 3 thuoc duemg tron tam (O). 

Cac diem doi xung cua H qua A,, B,, C, la A 2 , 

B 2 , C thude duemg tron tam (O). 

Xet: V H 2 : A, -> A 2 

B| —> B 0 ■ Cj —) C,; E —> Hj; D —> H, 

F^H 3 ;I-> A; J-> B; K ^ C 

Ma 9 diem A 2 , B 2 , C,, H,, H 2 , H 3 , A, B, C thuoc duong tron (O). Vay 9 
diem A,, B,, C,, E, D, F, I, J, K thuoc duemg tron v/ 2 (O) (dpcm). 



f Dqnq 3: <Vqn dung phep oi tu' tie gun hat to/m guy tteh ou di/tng hinh. 
Phuomg phap chung: 

Bai toan quy tick: Tim M thi quy ve tim M' qua mot phep vi tu dd cho. 
M e H thi M'eH’ = V B (H). Dung phep vi tu ti so V B /k : (H ') = H. 

Bai 126. Cho mot dirdng tron (O, R) va hai diem A, B c6 dinh sao 
cho dirdng thing AB khong cit (O, R). Mot diem C di dong tren dudn tron 
(0, R). Tim quy tich trong tam G cua AABC. 



Gidi 



Bm 127. Cho ditdng tron (O, R), mot diem I co dinh. Mot diem A thay 

doi chay tren dirdng tron. Phan giac goc IOA cat IA tai A'. Tim quy tich A'. 

Gidi. 


IA‘ IO 


A'A R 
IA' 


IO 


lA'+A’A R + IO 
IO 


IA' = 


IA 


IO + R 

Goi do dai IO = m <=> IA' = 

m 

Xet: V,™^(IA) = IA'. 

m 

Vsiy: A'e V, m+r (O). 

II. Bai tap tu gidi 


m - IA 


m + R 



rphtn 1: (Bai tap true m/itieni 

Bai 1. Trong mat phing Oxy cho 1(1, 1) va M(3, 4). Hoi phep vi tir ti s6 
k = 2 bien M thanh diem nao dirbi day. 

a) A(6, 8) b) B(5, 7) c) C(4, 6) d) D(4, 5). 

Bai 2. Trong mat phing cho 1(2, -f) va dircmg thing (d): 3x 4- 2y - 2 - 0. 
Phep vi tu tam I ti so k = -2 bien dirong thing d thanh dirong thing nao co 
phutnig trinh sau: 

a)3x + 2y - 8 = 0 b) 3x + 2y - 2 = 0 

c)3x + 2y -7 = 0 d)3x‘-2y - 8 = 0. 

Bai 3. Cho dirong thing (d) 3x - y + 1 = 0 va diem 1(2, 7). Qua phep vi 'ir 
tam 1(2, 7) ti so k = 3 bien dircmg thing (d) thanh dirong thing nao diroi day 
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a)x + 3y+l = 0 b)3x-y + l=0 c)3x + y-l = 0 d)-3x + y + 1 = 0. 

Bai 4. Cho diem 1(1, -1) va duong tron x 2 4- y 2 -2x -4y -4 = 0. Qua 
phep vi tu tam I va ti so vi tu k = -2 bien duong tron tren thanh dirong tron 
nao duoi day. 

a) (x -1)“ +(y + 7)” = 9 b) (x + l)" + (y -7)" = 9 

c) (x — 1)~ +(y-7) 2 =9 d) (x + 1) 2 + (y + 7) 2 =9. 

Bai 5. Trong cac menh de sau menh d4 nao sai? 

a) Co mot phep vi tu bien moi diem thanh chfnh no. 

b) Co vo so phep vi tu bien moi diem thanh chfnh no. 

c) Phep vi tu ti so k = -1 la phep doi xung tam. 

d) Phep vi tu bien mot dirong thing khong di qua tam thanh mot duong 
thang song song voi duong thing da cho. 

Bai 6. Cho 1(1, 1) va AABC trong do: A(l, -1), B(2, 1), C(2, -1). Qua 
phep v| tu tam (I) ti so k = 2. Trong cac ket qua sau, ket qua nao dung? 
a) A'(l-3);B'(3.l);C , (3.-3) b) A'(-1.3); B (-3,1); C’(3,-3) 

c) A’(-l,-3);B , (-3,-l);C'(3,3) d) A'(i,3); B'(3,i); C'(-3,-3). 

Bai 7. Cho dudmg tron (C): x' + y 2 - 2x + 4y ~ 11 = 0 va diem l(U-2). 

Phep vi tu tam I ti so k = -2 bien duong tron (C) thanh duong tron (C) co 
phirong trinh. 

a) (x - 1)' +(y + 2)" = 64 b) (x + l)' +(y - 2)' = 64 

, c) (x + 1)" +*(y -f 2)" = 64 d) (x - l)' +(y - 2)“ = 64 . 

Bai 8. Trong mat phing toa do Oxy cho duong thing d: 2x -y - 0, thuc 
hien lien tiep phep vi tu tam 1(1, 2) ti so k = 2 va phep doi xurng true Oy se 
bien thanh duong thing nao trong cac duemg thing co phuong trinh sau: 

a)2x-y = 0 b)2x4y = 0 c)4x-y = 0 d)2x + y-2 = 0. 

Bai 9. Trong mat phing Oxy cho duong thing 2x - y -1 = 0 va diem 

I(0„ -1) thuc hien lien tiep phep vi tu tam I, ti so k = -2 va phep tinh tien theo 
v = (2,2) bien duong thing da cho thanh duemg thing nao sau day? 

a) 2x - y - 3 = 0 b) 2x - y + 1 = 0 c) 2x - y + 3 = 0 d) Co ket qua khac. 
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( J)han 2 . r Bai tit ft I a gen tap 


^Oqng 1: <T)qn dung pitep iw ft/ ite ehu'ag minh mat $a luii toon 
limit hoe. 

- Chung minh 3 diem thong hang. 

- Chung minh mot sotinh chat hinh hoc. 

Bai 127. Chtrng minh rang trong mot hinh thang, giao diem hai canh ben, 
giao diem hai ducmg cheo, trung diem hai canh day thang hang. 

Bai 128. Trong AABC tren ducmg trung tuyen AA, lay diem D. Goi 
B, = BD n AC; C, = CD n AB. Chung minh B,C,//BC. 

Bai 129. Cho AABC, tren day BC lay B,, C, sao cho B B, = C C,, qua E 
va F ke cac ducmg thing l h 1 2 song song vai canh ben. Chiing minh 1,, 1 3 va 
trung tuyen AM dong quy. 

Bai 130. Cho ba ducmg tron (O,), (0 2 ), (0 3 ) doi mdt tiep xuc nhau; A la 
tiep diem cua (0,)va (0 2 ); B la tiep diem (0 2 ) va (0 3 ), C la tiep diem cua (0 3 ) 
va (O,). Ducmg thing AB clt (0 3 ) tai B'; AC clt (0 3 ) tai C. Chung minh B’C 
la ducmg kinh cua (0 3 ). 

r Oqng 2. Cjidi hai to an gag ft eh oa dung hinh 

(Van dung phep vi tu de gidi hai todn quy tich va dung hinh. Phuung 
phdp gidi: Tim diem co dinh ti soco dinh). 

Bai 131. Cho ducmg tron tarn (O, R); B, C hai diem co dinh thuoc duttog 
tron. A di dong tren ducmg tron. Tim quy tich trong tarn AABC khi A thay doi. 

Bai 132. Cho hai ducmg thing clt nhau tai A tren ducmg tron (O, R) tao 
vcfi nhau mot goca va chung clt ducmg tia B va C. Tim 

a) Tap hop trong tarn AABC khi hai ducmg thay doi. 

b) Tap hop diem D d6i xtrng vai A qua trung diem BC. 

c) Tap hap true tarn AABC. 

Bai 133. Cho ho ducmg tron di qua hai diem A, B. Duong thing vuong goc 
veri AB va tiep xuc vdi duang tron tai M. Tim tap hap tarn ducmg tron ngoai 
tiep AA^C,. Cac diem A,, B,, C, la trung diem cac canh cua tarn giac ABM. 

Bai 134. Cho goc xOy va mot diem P a trong goc do. Qua P dung mot 
ducmg thing A clt Ox, Oy tai A va B sao cho PA:PB = 1:2. Tong quat hoa. 

Bai 135. Cho AABC, dung diem E e AB v& Fc AC sao cho 

BE = CF = Y 2 EF. 

Bai 136. Cho hai ducmg tron (O, R) va (O', R') clt nhau a A. Duong 
thing thay d6i di qua A clt (O) tai M clt (O') tai M'. Goi P, P' la trung diem 
AM va AM'. 

a) Tim quy tich trung diem cua PP'. 

b) Tim quy tich trung diem MM'. 
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tap ft/' (ftat 

r Ot/aq (tali eda mol hinh qua phep Ot ft/* 

Bai 137. Dung anh dirong thing (d):2x-y + 2 = 0 qua phep vi tir tam 
I(-l, 1) ti so k = -2. 

Bai 138. Trong mat phing Oxy cho dudng tron (C): 
(x - 2)" + (y - 3)" = 9 . Tim phuong trinh dudng tron (C) la anh cua (C) qua 
phep vi tu tam I( 1, 2) ti so k = 2. 

Bai 139. Cho 4 diem A, B, C, D' thing hang. C'D'eABve cung mot 
phia voi dudng AB, dung cac hinh vuong ABCD va ABC'D’. Chung minh 
AA', BB', CC, DD' dong quy. 

Bai 140. Dung mot tam giac biet hai goc va duong cao tuong ung canh 
thu 3. 

- AB 2 

Bai 141. Dung tam giac ABC biet A = a; -= —, canh BC = a. 

AC 3 

Bai 142. Dung duong tron di qua hai diem AB va tiep xuc vdi duong 
thing (A) cho trudc. 

Bai 143. Dung mot duong tron di qua mot diem A, tiep xuc voi ducmg 
tron (I) cho trudc va dudng thing A cho trudc. 

Bai 144. Hay dung hinh vuong co hai dinh nim tren mot nira dudng tron 
va hai dinh con lai nim tren dudng kmh nua dudng tron do. 

Bai 145. Cho dudng tron dudng kinh AB, diem C tren AB chia no theo ti 
so CB:CA=1:2. Tren tia AB lay D sao cho AB = BD. Khi M thuoc dudng 
tron. 

a) Tim tap hop trong tam AAMD khi M thay doi. 

b) Tun tap hop cac giao diem DM va dudng tron t£m (M, MC). 


III. Huong dan sidi - dap so 
r Ptu\n 1: Hat tap true aq litem 


Cau 

1 


Cau 

3 

Cau 

4 

Cau 

5 

Cau 

6 

C^u 

7 

C&u 

8 

C^u 

9 

C&u 

JO 


| 










tJJliaa 2. r 3dt tap tu tuqea 

Bai 127. 








(trung diem BC bien thanh trung diem C,B,). 
Nen A A, I thing hang. 

Tirong tu: 

Xet: V D k : B —> B,' 

C->C, 

A, -> I nen A,ID thing hang. 
Vay 4 di£m A,, D, I, A thing hang. 


Bai 128. 

Gia sir ke BjCjV/BC. V&n dung bai 127 ta co DC,’C thing hang 


=>c |S c{ 

Vay B,C, //BC. 

Bai 129. 

Vi BB, = CC, => MB, = MC, 
MB MC 
MB, ~ MC, ~ 

Xet: V* : B —> B, 



B B, C, C 


C^-C 


Ndn: AB -> 1, (va AB//1,) 

AC -> I, (va AC//1 2 ) 

N6n A —> 1, r'l 1 7 = I Vay A, I, M thang hang. 

Bai 130. 

Xet V b r ' : 0, ->0 ? 

A->B C 

^OA 2 //0,B' 

v c v ' : O, -*0 3 



A ->C' =>0,A//0C' 


Ma O,, A, 0 2 thing hang n£n 0 3 , C', B’ thing hang=> BC la dirdng kinh. 


Bai 131. 

BC c 6 dinh nen M la trung diem BC c 6 dinh 

Ma MG = - M A 
3 

Xet: V^ : A -> G 

Vay A thay d6i tren ducmg tron (O, R). 
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Suy ra G thuoc ducmg tron 

vdi O -V^(O). 

Bai 132. 

a) Tim tap hop trong tarn AABC. 
BAC = a nen BC = a khong doi. 


BM - R sin y 2 o BC - 2 sin %; OM - R cos % 

—> M thuoc ducmg tron (O, R). 

V&y R =OM = Rcos^/ 

2 - 

Thai vay: AG = — AM 

Xet: Vj 3 : M -> G nen khi M e (0,R’) 

Thi G thuoc ducmg tron (0,,R") trong do Oi=V;j^(0); 
R"--R'--R C0 S— 

3 3 2 //\ 

b) Hoc sinh tu giai / / \ \ 

c) Tim tap hop true tam AABC f i 

Goi H la true tain A ABC. / 

Thi AH - 20M ma OM = Rcos a /\; ! ° \ 

' ^ \ Ay" —■—\ j 

AH = 2Rcos«^ \ \ / ~~ y c 

H chay tren ducmg tron tarn A, _/ 

R, = 2Rcos®7 

Ducmg thing xy 1 AB ti<5p xuc vdi ducmg tron tai M._ . 


Bai 133. 

Goi tain ducmg Iron ngoai tiep AA,B,C, 
(A^BpC, la trung di6m cac canh cita 
A ABM) la O'. 

Goi G trong tain AABM. 

Xet: V/ 1 : O —> O' 


Av K C, LVb 


Mil OM i xy o NO ! 1 xy => O' eduong AB. Khi O thay d6i. 
GicVi han quy tfch: Ducmg AB bo KL, veti K, L trung diem NA va NB. 
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Bai 134. Cho xOy. P e xOy. 
Dimg A: (A) x Ox = A 
(A)xOy = B 
thoa man PA:PB = 1:2. 

Phan rich ta th&'y: PA = PB 



V p ' 2 : B A 

MaAeOx; A = V p 2 (B). 


Nen: A e V p 2 (Oy) = O'y. 

Tong ciuat hod: 

Dimg A di qua P sao cho A clt Ox, Oy tai hai diem A, B thoa man 
PA = kPB. (k > 0) 



=>-=-=-=> AB = A'C' - — AA' 

BE EF CF 2 

Vay ke A'K//BC => A'K x AC = k; CK = AB . 


Cdch dung 
Dimg (A, 2AB). 

Dat CK = AB ke KA7/BC. 

Di^m A' dimg dime BA *x AC = F => BE 
Chitng minh: 

m = Y 2 E¥ vi AA'= 2AB. 

CF BE i / 

A'C r = AB =>-=-coCF = BH= !/eF (dpcm) 

A'C’ AB /2 ^ 


Bai 136. 

Goi I trung diem PP. 
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I trung diem cua MM'. 

Ta thay tugiac OPP'O' la hinh thang 
vuong nen: 

0,11 AMM' 

(Ojl la duang trung binh hinh thang) 
ma A, O, co dinh. 

Vfty I chay tren ducmg tron duang 
kinhAO,. 

b) V] la J la trung diem cua MM' 

nen 

AJ = 1(AM + AM') = AP + AP’ = 2AI 
Xet: : I J vay J e V;(0 : , AO,) 

vay JeV^O.^AO,) 

Bai 137. (d ): 2x-y-5 = 0 
Bai 138. (C): (x-3) 2 + (y-4) : =36. 

Bai 139. 

Goi O la giao diem cua AA’ va BB’ ta co: 

OB' OA' A'B' B'C' 

OB " OA AB BC 
=> AOB' C' <» AOBC => C, O, C' thang hang 

=> CC’, AA’, BB’ dong quy. 

Bai 140. 

Dung AA'B'C co B' = a,C’ = p.Ke A’H'iB'C 




A C' 


V,| A »' : A' 


A 

B' -> B 
C ->C 

=> AABC cdn dung. 

Bai 141. 

Cdch 1: Dung goc: xAy - a 

Dung AB’, AC trong do B’e Ax; C’ e Ay 

Thoa man AB’ = 2^ AC’ 

V. BC/a : B' C' —» BC va BC = a 



A ABC cdn dung. 



Cdch 2: Dung AAB'C c6 A = a; 


BjC, //B'C 

>,c, = 


c, e Ay 

Tir B, ke B,yV/Ay c&t Ax tai B 
Ke BC//BC vdi Ce Ay. ’ 



AABC can dung. 

Bai 142. 

Gia su (O, R) cdn dung. Tam O n&m tren 
trung true AB la (d) va tiep xuc vdi A nen neu 
A' doi xiing vai A qua (d) thi A' tiep xuc vdi 
( °). 

Vay suy ra each can dung. 

Dung d la trung true AB. 

A' d6i xurng A qua d; A c^t d tai I. 

Dung (O') tiep xuc vdi A va A'. 



V, k (O') —> O can dung. 

Bai 143. 

Gia sir (O) dung duqc thoa man tiep xuc 
vdi A tai K, tiep xuc vdi (I) tai P. 

I k6 MN 1 A . 

Xet phep vi tir: V k : M -> k 



Vay: MA MA' = MN.MB vi MP.MK - MN.MB 
(Tu giac KPNB noi tiep) 

Vay dua ve tim A' => dua ve bai toan (142) 

Dung dudng tron di qua AA' tiep xuc vdi A. 

Bai 144. 

Dung M'N'P'Q' noi tiep nira dudng tron. M\ N' doi xung nhau qua O. 


M'N’ thuoc dudng AB. 

Vto dung phep vi tu: 

OA 

V 0 0M : Q' —> Q 
P'->P 
M* —> M 
. N' —> N 

=> Q'P'M'N' -> QPMN. 
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Bai 145. 

Goi G trong tarn AAMD 
BG = l / 3 BM 

Xet: : M -> G . 

Vay G thuoc dudng tron V B ^ : (0,R) (O’,^ R). 

Ke EF di qua C. EF //MD. 

EC _ AC _ 2 
MD ~ AD 6 3 

^ = -^ = 1 ( 2 ) 

MD BD 3 

Tir (1) va (2) => EC = CF a 
M a AEMF vuong d M 

nen MC = EC = CF = MI = HJ 
Vay ECMJ; CFIM la hinh thoi 

Xet: V 2 : P —» 1 ma P e dudng tron dudng kmh CB. 
V-:Q->J ma Qe dudng tron dudng kmh AC. 
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PHAN 7. PHEP D0NG DANG. HAI HINH DONG DANG 

A. Kien thuc eg ban 
/. Dinh nshia: 

Phep dong dang ti so k (k > 0) la mot phep bien hinh trong mat phang. 

/ : P P 
M —> M’ 

N ->N' 

Thoa man: M' N' = kMN 
So k goi la ti so dong dang. 

Hai hinh H va H’ goi hinh dong dang vbi nhau neu co mot phep dong 
dang bien hinh nay thanh hinh kia. 

//. Tilth chat: 

1. Neu thuc hien lien tiep hai phep dong dang thi dugc mot phep dong 
dang. 

2. Phep dong dang ti so k 

- Bien ba diem thang hang thanh ba diem thang hang va bao toan thd tu 
giCra cac diem tuong urng. 

- Bien mot dudng thang thanh mot dudng thang. 

- Bien mot tarn giac thanh mot tarn giac dong dang vbi tarn giac cho truoe. 

- Bien mot dudng tron thanh mot dudng tron ma ban kinh bang k kin 
ban kmh dirong tron cho truoe. 

- Bien mot goc thanh mot goc co do Ion hinh hoc bang do Ion goc cho trubc. 

B. Cac dang bai toan tu giai 
/. Bai tap mail 

^Dqatj 1: (Ayae (fink (inft eua mot hUih qua phep itotuj tlanq. 

Chii y: 

- Khi thuc hien lien tiep phep quay (hoqc tinh tien, doi xung), phep vi 
tu cho ta phep dong dang. 

- Thuc hien lien tiep hai phep vi tu ti so k, t k 2 thi dugc phep dong dang 
ti so k,.k 2 . 

Bai 146. Cho dudng thang (d): x - y + 1 = 0 viet phuong trinh d’ la anh 
cua dudng thang d qua phep dong dang bang each thuc hien qua phep vi tu 
tarn 1(1, 1) ti so k = 2 va phep tinh tien theo v = (-2,-1). 

Giai. 

Ta co M(0, l) g d qua phep vj tu V 2 d -> d, 

(d,) co dang phuong trinh: x - y + c = 0 . 

M' = v 2 (M) Vay M’(-U). 
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Vay (d,): x - y + 2 = 0. 

Qua phep tinh tien v=(—2, —1) thi (d,) co anh d’ thi (d’) co dang 
x -y + 0 = 0 

M, e(d,); M, (0,2) thi T (M,) = M( (-2, l) 

Vay (d’) co phufcmg trinh: x - y + 3 = 0 

Qua phep dong dang (d): x-y+l=0 co anh dircfng thing (d’): 
x - y + 3 = 0 

Bai 147. Cho ducmg tron (C): (x-1) 2 + (y-2) 2 = 4. Xac dinh anh cua 
(C) qua phep vi tir tarn O ti so k = -2 va phep d6i xung true Oy. 

Gidi. 

(C) co tam I( 1, 2) ban kfnh R = 2 

Qua phep V G 2 (l) = I '(—2,—4) 

Qua V 0 : (C) —> (C,): (x + 2) : -f (y + 4) : =16. 

(C,) co tam I, (-2,-4) ban kfnh R, =4. 

(c')d6i xumg (C() qua (Oy): I ; (2,-4). 

Vay (C) co phirong trinh: (x - 2)" + (y + 4)"* = 16. 

r Dqag 2: <7)qn dung phep (Tony dang ite ehung ntinh mot so tinh 
eh at (*de htnh . 

Bai 149. Cho hai dudng tron (0,3R) va (0\R) tiep xuc vai nhau tai A 
(tiep xuc ngoai). Ducmg thing d di qua A clt (O, 3R) tai B cat (0’,R) tai B\ 
ducmg thing d’ ± d tai A clt (O, 3R) va (O’, R) tai C va C’, ducmg thing OA 
clt (O, 3R) tai A’. 

a) Chung minh AOA’B ^ AO’AC”. 

b) Chung minh 00’, BC\ CB’ d6ng quy tai M c 6 dinh. 

Gidi 
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: (O') —» O BC//B'C. 

BCB’C’ la hlnh thang nen OO’, BC\ CB’ d6ng quy. 

Bai 150. Cho phep vj tu V tam O ti s6' k * 1 va m6t phep tinh tien T tlieo 

vector v * 6. Goi phep / la phep bie'n hinh lien tiep phep vi tu va phep tinh 
tien T. 

a) Tim diem I sao cho / bien I thanh chinh no. 

b) Chuttg minh / la phep vi lir t&m I. 

Gidi 

Tim I ma 
V^:I->r 

T : I -> I " 

v 

Ma F'sl 

Diem I thoa man: OI = —-— v. 

1 - k 

Diem I la diem kep qua thuc hien lien tiep va T v 
That vay: : I —> I* thoa man OT = kOI (1) 

T v : I 1 -> I M thoa man IT’ = v (2) 

Tu (1) va (2) ta co: OT = kOI + v - kOI + (l - k) IO - OI ^ P == I. 
b) Phep / la phep vj tu tam I ti s 6 k. 

That vay /: V£ : M -> M’ thoa man OM’ = kOM 

v:M , ->M" ihoa man M’M" = v 
Ta co: OM ; + M’M 7, = kOM + (1 - k)6l 

o OM" = OI + IM" = OI 4- kOM + KIO o IM 7, = kIM (*) 

Ding thurc * chung to: M -» M" qua V, v . 

^Dqtuj 3: <T)qn dung phep dong dang ite gidi hdi to/in qitg tieh vis 
dung hinh . 

Bai 151. Cho nua duomg tron dircmg 
kinh AB. Mot diem C thudc nua dircmg 
tron dung phia ngoai AABC hinh vuong 
BCDE. Tim quy rich D. 

Gidi 
Ta thay: 

CBD = 45° 



A 


R 
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BD 2 

Xet: Q b 45 " : C —» C' 

V B 2 : C ' —> D 

Vay D la anh ddng dang ciia diem M qua thirc hien lien tiep Q^ 5 va 
phep vi tu V^ 2 . 

Vay De V b ' /2 .Q b 45 "(0) = (0’,V2r). 

Bai 151. Dung tarn giac vuong can ABC, can a A. Biet dinh C da cho va 
A, B lan lirot thuoc hai duoiig thing 1,, 1 2 song song vdri nhau. 

Gidi 

Phan tick 

Gia sir AABC dung dirqc thoa man 
dieu kien cua bai tcan. 

/ ^ 

AB = AC 

— = 4- <=> CB - V2CA 

CB V2 

(ca,cb )= y 4 

Vay xet phep bien hinh thirc hien 
lien tiep: Qc* (A) —> A' va 

V/ 2 (A')^B ma B e 1 2 va B thuoc anh cua 1, qua thirc hi6n lien tiep phep 

n/ . 

quay Q^ 4 va phep vi tu V*' dirqc 1;. 

Cdch dung. 

i:=vAo?(i,) 

l{ x 1 2 = B. 

Thtfc hien lien tiep phep va Q£ 4 thi B thanh A. AABC can dung. 

//. Bai tap tuziai. 

Bai 152. Cho ducmg thing (d): x - 2y 4-1 = 0, dung anh cua d qua phep 
bien hinh khi thuc hien lien tiep phep vj tu tarn l(-l,-l), ti so k = 2 va phep 
ddi xung true la Ox. 

Bai 153. Chung minh ring ti so dien tich hai tarn giac dong dang b£ng 
binh phuong ti so dong dang. 
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Bai 154. Dung mot hinh vuong noi tiep tarn giac ABC. Hai dinh thuoc 
mot canh, hai dinh kia thuoc hai canh con lai. 

Bai 155. Dung AABC biet ba dudng cao h a , h,„ f\ thuoc cac canh BC, CA, AB. 


III. Hu&ne dan gidi - Dap so. 


Bai 152. (d): x - 2y + 1 = 0, dieim I (—1, — 1), k = 2. 
d’ = V, (d) : x - 2y + 3 = 0 


d" d6i xirng vai d 1 qua Ox khi 

[y ’ = -y 

d" co phuomg trinh: x + y + 3 = 0 . 

Bai 153. AABC dong dang AA’B’C’. 
AB = BC CA 
A'B' B'C' C'A'" ’ 

AH BC , AH.BC 

-=-— k ci>-= k' 

AH' BC' AH’.B'C' 

Bai 154. 


2S 


AABC 


AABC 


2S 


AABC' 


'AA'B'C 


Gia su hinh vuong PQEF dung duoc EF//PQ//BC. Noi BE, tren BE lay E, 
ke E.F,// EF; 


F,P,//F P; E,Q,//EQ. 

A BEFooABE.F, 

_ F,E, = BE, _ E,Q, 

FE BE EQ 
Nen F.E.P.Q, « FEPQ vav 
F^^jQ, la hinh vuong dung dupe. 

Suy ra each clrfng: 

Tren AB lay F, bat ki, dufng 
F,P, _L BC 


A 



Lay F,P, lara canh, dung hinh vuong F,E I P,Q I . 

N6i BE, cat AC tai E. 

Dung EF//E,F,; FQ//E,Q, dupe hinh vuong FPQE can dung. 
Vdi each dung trdn co mot hinh vuong. 

Lay canh AC co hai dinh thi co m6t hinh vuong tuong tu. 
Vay bai toan co 3 hinh vuong noi tiep AABC. 

Bai 155. 

Phan tich 


Theo bai ra goi cac canh BC, CA, AB co do dai tuong ung a, b, c. Ta co: 
ah a — bh b = ch c = 25^^. 
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h h. h 

a o c 

Goi cac dudng cao cua tam giac c6 do dai cac canh la h a , h b , h c tuong urng 
h i, 1*2? h 3 . 

Khi do h. : : h, - — : — : — 

1 “ h h. h 

a b c 

Vay h, : : h 3 - a : b : c . 

Nen AABC can dung dong dang vdi tam giac co cac canh h,, h : , h 3 la cac 
dtrdng cao tam giac co do dai cac canh h a , h b , h c . 

Cdch dung: 

Du*ng AA,B,C, co cac canh h a , h b , h c lay do dai cac dudng cao tuong ung 
h|, h 2 , h 3 . 

Dung AA’B’B’ co do dai cac canh h,, h 2 , h 3 . 

Dung AABC w AA’B’C’ ma dudng cao cua tam giac ABC thuoc canh 
BC b&ng h a . 
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Chiftftig 2. BltilNG TIli\C vA MAT 
PUNC TBONC KHONG GIAN. qilAN 

HE SONG SONG 

Phan 1. DAI CUBING VE Dl/C)NG THANG VA MAT PHANG 

A. Kieh thurc co ban 

/- Cdc tien di cua hinh hoc kkong gian . 

Tien de 1: Qua hai diem phan biet trong khong gian co m6t va chi mot 

Along thing ma thoi. 

Tien de 2: Qua ba diem khong thing hang co mot va chi mot mat phing 

ma thoi. 

Tien de 3: Mot dirong thing co hai diem nim trong mat phing thi no nim 

trong mat piling. 

Tien de 4: Hai mat phing phan biet co mot diem chung thi co mot dirong 
thing chung di qua qua diem phfm biet ay, ngiroi ta goi dircmg thing chung 
cua hai mat phing la giao tuyen cua hai mat phing. 

//. Cdc each xac dinh mat phang. 

Mot mat phing duoc hoan toan xac dinh trong cac trircmg hop sau: 

1. Qua ba di^rn phan biet khong thing hang. 

2. Qua hai diremg thing cit nhau. 

3. Qua mot duffrng thing va mot diem nim ngoai diremg thang do. 

4. Qua hai dirong thing song song voi nhau. 

Bieu thi 



Ki hieu: 

(A, BC) ia njat phing chira (A, B, C). 

(a, b) la mat phing xac dinh bbi a, b. 

(A, a) la mat phing xac dinh boi A, a. 

///. Hinh chop - Tit die n 

/. Hinh chop: Trong mot mat phingacho da giac I6i A 1 A 2 A 3 ...A n . Diem S 
nim ngoai mat phing. Noi S vdti cac diem A l5 A 2 A^.-A,, ta diroe n mien tain giac 
SA^A-^ SA n A I . Hinh gom mien da giac A,A 2 A 3 ...A T1 va n miem tarn giac 

SA i A 2 ^SA 2 A 3 ^... SA^ diroe goi la hinh chop. Ki hieu SA,A 2 A 3 .... A^. 

2. Tifdien: Hinh chop cac mat ben la tarn giac goi la tur dien. 
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B. Cac dang bai toan tir giai 

I. Bai tap mtiu ___ 

qng 1: (Xtdc ttht/t (jiao tuyen eua hat mat phony. 
Phucmg phap giai: 

- Xax dinh 2 mat phang 

- Tim hai diem cluing cua hai mat phang. 

Bai 156. Cho hinh thang ABCD (AB//CD, 

AB > CD), mot diem S a ngoai mat ph&ng 
(ABCD). Tim giao tuyen cua hai mat ph&ng 
(SAD) va (SBC). 

Giai 

Hai mat ph&ng (SAD) va (SBC) co mot diem 
chung S. 

AD g (SAD) vi A, D nam tron trong mat 
phang (SAD). 1 

BC e (SBC) v'l B, C nam tron trong mat phang (SBC). 
BC x AD = I. 




Vay : I e (SAD) v'l 1 e AD; I e (SBC) vi I e BC 

Bai 157. Cho 3 diem A, B, C lan lirpt thudc Ox, Oy, Oz. 3 diem A’, B’, C’ 
Ian lirpt thuoc Ox, Oy, Oz. ABn A'B' = M; BCnB'C' = N; 

CA n C 1 A' = P . Chung minh M, N, P thang hang. 

Giai 

Xet mat phang (ABC) va mat phang (A’B’C’). 

N 6 (ABC) vi AC e (ABC) 

Ne (A'B'C') vi A'C' e (A'B'C') 

Tuong tir M e (ABC); M e (A'B'C') 

Pe (ABC); Pe (A'B'C') A ^_ 

Vay M, N, P thuoc giao tuyen hai mat 
(ABC) va (A’B’C’), suy ra M, N, P thin) 
hang. 

'N 



r /)qnQ 2: CTim yino itiem iTu'o'ng thang tl atii mat mat phamj r (% 


Phtrong phap giai: 

- Chon mat phang Q chua d. Mat phang QxP = d'=>dxd' = I. 

- I Id giao diem cua dieting thang d vtii mat phang P. 
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Bai 158. Cho tur dien ABCD. Lay AB di£m I sao cho 
IB = ^ AI; AJ = JD, Tim giao diem dudng JI vdi mat phang (BCD). 



Bai 159. Cho tur giac ABCD cac diem M, 

N lan lirot la cac trung diem cua AC va BC, 
lay diem K thuoc BD (K khong la trung 
diem BD). Tim giao diem cua AD vdi mat 
phiing (MNK). 

Gidi 

Ta thay: AD g ( ACD). 

Tim giao tuyen mat (MNK) vdi mat (ACD) 

Diem Me (ACD) 

Mg (MNK) 

Trong mat phang (BCD) 

KN x CD = J ma CDg(ACD); KNg(MNK) nen Je(ACD)va 

J g (KNM). Vay giao tuyen hai mat phang la dirdng JM => JM x AD = P 
Vay P = (KMN)x AD (diem phai tim). 
r Oqny 3: QhAng minh ha itlem tfidtuj hang. 

Phuong phap chvcng minh: 

- Chung minh M,N ,P thdng hang thi ta tim M, N, P thuoc hai mar 
phdng va chinh Id giao tuyen hai mat phdng. 

Bai 160. Cho mot mat phang (Q) va ba 
diem A, B, C. BC, AC, AB cat (Q) lan luot 
M, N, P. Chdng minh M, N, P thang hang. 

Gidi 

Xet mat phang (ABC) thi M, N, P thuoc 
(ABC) va M, N, P thudc mat phang (Q). 



A 
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V&y M, N, P thuoc giao tuyen (ABC) x (Q). 

Bai 161. Cho hinh chop SABC trong cac mien tam giac SAB, SBC, SCA 
lan luot lay cac diem L, M, N sao cho cac dudng LM, MN, NL cdt mat 
phftng. 

Xac dinh cac giao diem IJK cua LM, MN, NL vdi mat phang (ABC) 

Chdng minh I, J, K thang hang. 

Giai 

Xac dinh giao diem LM vdi 
mat ph<ing (ABC). 

Xet mat phang (LMC) vai mat 
(ABC) co mot diem C chung. Can 
xet them mot diem chung nua. Ta 
biet giao tuy£n cua (LNC) vdi 
(ABC) 

(LNC)x(SAC) = LC 

NCx SA = P <=> PLx AB = I 

=> CD giao tuyen cua mat (LNC )xi(ABC) = CD o NLxCD = I 

Tuangtir: LM x (ABC) = J . 

NM x (ABC) = K. 

Xet mat phdng (LNM) va mat phing (ABC) thi (MNL) chira I, J, K 

(ABC) chua I, J, K . 

Nen [, J, K thuoc giao tuyen cua hai mat phing. 



II. Bai tap tit eiai 

r pitun 1: r Iiai tup true nijlttem 

Bai 1 . Cho hai diem A, B, co bao nhieu mat ph^ng chira hai diem do? 
Menh de nao sau day dung. 

a) Chi co mot mat phing duy nhat 

b) Chi co hai mat ph^ng chira hai diem do 
e) Chi co ba mat phang chira hai diem do 
d) Co vo so mat phing chu*a hai diem do. 

Bai 2. Cho tu dien ABCD. M, N lan lirat thuoc AB, AC, MN x BC = I. 
Cac giao tuyen (MCD) vdi mat ph^ng (ABD), (ACD) la 

a) DM, DN b) ID, MD c) IA, ND d) Co ket qua khac. 

Bai 3. Cho tu* dien ABCD; J, K lan lirat thuoc BC, CD, JK x BD = E, mot 
diem F thuoc AD, EF x AB = I. Giao tuyen cua mat phlng (JKF) vdi mat 
phang (ABD) va (ABC) la: 

a) EF, IJ b) IK, JI c) IF, JK d) Co ket qua khac. 


83 


Bai 4. Cho n diem trong do khong co 4 diem nao dong phing. Cac menh 
d£ nao sau day dung? 

a) Co ft nhit ba diem thing hang 

b) Co v6 s6 diem lan hem 3 thing hang 

c) Khong co ba diem nao trong chung thing hang 

d) Co ket qua khac. 

Bai 5. Cho n diem trong do bat ki 4 diem nao cung dong phing. Cac 
menh de sau menh de nao dung. 

a) n diem do dong phing 

b) Co it nhat 5 diem khong dong phing 

c) Co it nhat hai mat phing rieng biet chira tat ca cac diem 

d) Co ket qua khac. 

( J)hdn 2. (Ba/ tap tu' !uijett 

Bai 162. Cho hinh chop SABCD. A’, B\ C’ lan hrot nim tren canh SA, 
SB, SC. Dung thiet dien hinh chop khi cit bai mat phing (A.’B’C’). 

Bai 163. Cho hinh chop SABCD, ABCD la hinh binh hanh. Goi M, N, P 
lan lirat trung diem SA, BC, CD. Dimg thiet dien cua hinh chop khi cat bai 
mp(MNP). 

Bai 164. Cho hinh chop SABCD co day ABCD la hinh binh hanh. M. N 
theo thuf tir trung diem cua AB, SC. 

a) Xac dinh giao di6m I, J cua mat phing (SBD) theo thh tir dirong thang 
AN, MN 

b) Tinh ti so IA:IN va JM:JN 

c) Chung minh ba diem B, I, J thing hang 

d) Tinh ti so IB:IJ. 

Bai 165. Cho hai hinh thang ABCD va ABEF chung day AB (day lan AB) 
khong cung nim trong mat phing. 

a) Xac dinh giao tuyen mat (AEC) va (BED); (BCE) va (ADF) 

b) L^y mot diem M e DF . Tim giao diem cua dirang thing AM vai mat 
(BCE) 

c) Chung minh hai duang AC va BF khong cit nhau. 

Bai 166. Trong mat phing (P) cho hai duang thang axb = I. Ngoai mat 
phing (P) cho hai diem M, N sao cho MN x (P) = 0 va O khong thuoe a, b. 
Duang thing c di qua O cit a, b tai A, B. Goi A' la giao diem cua AN va 
BM, B’ la giao cua AM va BN. 

a) Tim quy tfch A’, B’ 

b) Chung minh A'B’ di qua mot diem co dinh. 

Bai 167. Cho hinh chop SABCD day ABCD la tu giac loi, mot mat phing 
chua canh ben, chia day hinh chop thanh hai phan co dien tfch bing nhau. 
Dung thiet dien. 
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Bai 168. Cho hinh chop SABCD day khong phai la hinh thang. Gpi M la 
trung diem SA. Dung thiet dien cua hinh chop cit bdi mat phang (BCM). 

Bai 169. Cho hinh chop SABCD bat ki. Dung thiet dien di qua M, N, I. 
a) Mg AB;NgSC;1gSD 


h) M e AB; N e SC; I e SA . 


Bai 170. Cho tu dien ABCD. G la trong tarn AACD. M, N, P cac diem 


thuoc cac canh AB, AC, AD tirong ung. 


MA _ MC 
MB ~ MA 


— = - . Goi I, J la 
PA 2 


giao diem ciia MN voi BC va MP vo'i BD. 

a) Chung minh cac duemg MG, FI, NJ dong phing. 

b) Goi EF, la cac trung diem CD, MI; H la giao diem cua MG va BE. K 
la giao diem cua GF vai ma; phing (BCD). Churng minh cac diem H, 
K, I, J thing hang. 


III. Huong dan giai - dap so 
r Pltdu 1: r Bai tap trae tujlttetn 


Cau 1 

Cau 2 

Cau 3 

Cau 4 

Cau 5 

d 

d 

a 

c 

a 
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Tircmg tu: (SAB)x (MNP) co 1 diem chung M. 

Di£m chung thu 2 la NP x AB = J 
SB x MJ = L . Vay thiet dien MLNPK. 


Bai 164. 

x a) Xet hai mat phing (SBD) va (SAC) 
thi SO la giao tuyen ciia 2 mat phing 
=> AN x (SBD) = AN x SO = I. 

Mat (ANB) va (SBD) co giao tuyen BI. 

Vay MN x (SBD) = MN x BI = J . 

Vay B, I, J thing hang. 

Xet trong ASAC co I la trong tarn 
ASAC => IA : IN = 2 . 

b) Xet AABN thi MN la trung tuyen. 

IN _ 1 
NA ~ 3 

IJ JK 1 IJ 11*.. TD „ , 

3 IJ + JB 3 + 1 4 IB 4 

NP 1 JP NJ 1 


Theo bai 127 va 



JB AB 
Trong AABN: 


NM 3 MJ MN + MJ 3 
o 3NJ = MJ + JN + MJ o 3NJ = 2MJ o MJ : NJ = 1. 

Bai 165. 

a) Xac dinh giao cua: 


(AEC)x(BDF) 

BD x AC = I thudc hai 
mat phing 

BF x AE = J thuoc hai 
mat phing. 
vay 

(AEC)x (bdf) = IJ 

Xac dinh giao cua (BCE) 
va (ADF) 



AD x BC = P thuoc hai mat ph^ng 
AF x BE = Q thudc hai mat phing 
Vay giao tuyen (BCE) va (ADF) la PQ. 
b) Liy M thu6c DF. Tim giao AM vdi (BCE). 
AM x PQ = K (diem phai tim). 
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c) Gia sir AC va EF cif nhau nghTa la A, C, B, F thuoc mot mat phang a 
thi a chufa ABC =>a=(ABCD) va a chua (ABF) thi a = (ABEF). 


Vay dieu nay vo If nen AC va BF khong cat nhau. 


Bai 166. 

a) A ’ e BM => A ’ e (M, b) 

A’ e AN => A’ e (N,a) 

V&y A’ thuoc giao tuyen hai mat 
(M,b)x(N,a) = lx. 

V^y A’ thudc duong thing lx. 

B' e BN => B' e (N,b) 

B' 6 AM => B' e (M,a) 



VSy B’ thuoc giao tuyen hai mat 


(N,b)x(M,a) = Iy 

Vay B’ thuoc duong thing Iy 
Vay A’ thuoc duong thing lx co dinh giao 
hai mat phing (M, b) va (N, a) 

Vay B’ thuoc duong thing Iy co dinh giao 
hai mat phing (M, a) va (N, b). 

b) Chung minh A’B’ di qua mot diem c6 
dinh. 

Theo chung minh cau a thi A’B’ thuoc 
in fit xly co djnh. 

A’B’ va MN nim trong mat phing 
A’B , xMN = I ma MNx(xIy) = J vay J co 


S 



dinh. 

Bai 167. Gia sur ta lay canh ben SA. 

Ta tim ducmg Ax chia ABCD thanh hai phin co dien tich bing nhau. 
Lay I trung diem BD. 

Ke Ix//AC cit BC tai J 
Duong AJ duong can tim. 

That v&y: 

2S ajcd = AC.h (1) trong do h = DH + JP 

2S abj = AC(H + JP)-(JP.AC) = 2S abc -2S ajc = AC.h (2) 

TMl)va (2) => S AJCD = S ABJ 


Bai 168. Phircmg htfcmg giai tim giao mat vcri cac canh hinh chop. 

Cach 1: Xet giao cua (SAD) va mat (SBC) co diem chung AD x BC = N 
Vay (BCM) x (SAD) = MN => MN x SD = I 
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Vay thid't dien MBCI. 

Cach 2: Goi giao 2 ducmg cheo 
SM x SO = J => BJ x SD = I 
Til giac BCIM la thiet dien. 


Bai 169. 

Goi mat phang (MNl) = R 


S 



(R)x (SDC) = IN 

IN x DC = K 

MK x BC = J e R 

MK x AD = L e R, L e (SAD) 

LI x SA = P 

Vay thiet dien MJNIP can tim. 
b) Giai tuong tir. 


Bai 170. 



MI. 


a) Ta tha'y cac diem M, N, I, J, P ciing thuoc mot mat phang chura MJ va 


Xet AADC thi NP//DC vi 


Vi G la trong tarn AACD nen 


, NC PD 


NA PA 
GE 1 

GA ~ 2 


l_ 

2 

=>Ge NP 


Vay MG, PI, NJ dong phang. 
b) Xet hai mat phing 
(BCD) va (MIJ) thi K, I, H, J 
thudc hai mat do => K, I, H, J 
thang hang. 


A 
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PHAN 2. HAI DUONG THANG CHEO NHAU. 

HAI DUONG THANG SONG SONG 

A. Kien thuc ca ban 

/, Vi trl tuonz doi cua hai dudiig thane trong khong gian 
. Cho hai dudng thing a, b trong khong gian, cac trufrng hap xay ra vi tri ttrcmg 
doi cua a doi vdi b: 

* Cung thuoc mot mat phang. 

- a cdt b tai dieim M. Ki hieu anb = M 

- a song song vai b. Ki hieu a // b 
a = b 

* a va b khong thuoc mot mat phang. 

- Goi a, b cheo nhau. 

II. Tinh chat 

1. Qua mot diem a ngoai dircmg thing chi ve duac mot dirang thing duy 
nhat song song vdi dirong thing cho trirac. 

2. Neu 3 mat phing doi mot cit nhau thi ba giao tuyen dong quy hoac 
song song vai nhau. 

3. Neu hai mat phing chiia hai dirang thing song song vdi nhau thi giao 
tuyen cua hai mat phirig: 

- Hoac song song vdi hai dircmg do 

- Hoac trung vdi mot trong hai dircmg dc. 

4. Hai dircmg thing song song vdi dudng thing thir ba thi chung song song 
vdi nhau. 

5. Moi ket qua trong hinh hoc phing duac thuc hien. 

B. Cac dang bai toan tu giai 

/. Bdi tap mau 

r Dq»uj 1: Qint giao ttujen cua hai mat phang sti dung fln/t chat 
oa (4) (TP c (tinh 

Hai 171. Cho hinh chop SABCD co day 
ABCD la hinh binh hanh. Xac dinh giao tuyen 
cua cac mat phing sau. 

a) Mat phing (SAC) va mat phing (SBD) 

b) Mat phing (SAB) va mat phing (SCD) 

Giclj 

a) (SAC) va (SBD) co diem S chung. 

Vav tim diem chung thir 2 hoac dua vao tinh 
chat (3), (4). 

BD x AC = O (diem thur 2) 

Vay giao tuyen la SO. 
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b) (SAB) va (SDC) c6 cap canh AB//DC va c6 diem chung la S. Vaiy giao 
diem di qua S va song song AB, (hoac DC) la Sx//AB. 

Bai 172. Cho tir dien SABC. P, Q, R, S la bon diem nlm tren caic canh 
AB, BC, CD, DA. Churng minh rang neu bon dien P, R, Q, S dong phdng thi 
PQ, SR, AC song song vdi nhau hoac dong quy. 

Giai 

Xet 3 mat phang (PQRS), (SAB), (SBC) 

(FQRS) x (SAE) = PQ 

(PQRS) x (SBC) = RS 

(SAB) x (SBC) = SB 

vay PQ, RS, SB dong quy hoac song song vdi 

nhau (theo tmh chat). 


f ,Dang 2: Qhu'tuj minh hai itu'o’ny thang tong song 



Phirong phap chung: 

- Phdt hien hai dudng than# cung thuoc mot mat phang, $u dung 

\ •} 7 

dieu kien hai dudng thang song song trong mat phang. 

- Dung tinh chat: hai dudng thang song song vdi dudng than g thvt 3. 

- Xet hai mat phang chua hai dudng song song thi giao tuyen song 
song vdi hai dudng do. 

Bai 173. Cho tir dien ABCD va ba diem P, Q, 

R Idn iirqt nlim tr£n ba canh AB, CD, BC. Hay 
xac dinh giao diim S cua mat ph&ng (PQR) vdi 
canh AD n£u PR // AC. 

Gidi 

Xet hai mat piling (PQR) va (ACD). 

Hai mat chda PR va AC ma PR // AC. Vay 
giao tuyen cua hai mat do song song PR va AC. B 

Hai mat do co diem chung Q. Vay giao diem 
AD x Qx *= S (Qx // AC). 

S la giao diem (PQR) x AD = S . C 

Bai 174. Cho tur dien ABCD vdi P, Q lan lirot la trung diem AB, CD. Goi 
R la diem nkm tren canh BC sao cho BR = 2RC va S la giao diem cua canh 
AD vdri mat phang (PQR). 

Chiing minh ding AS = 2SD. 
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A 


Gidi 


Ta thay PR x AC = I nen (PQR) cat (ABC), 
(ACD) tao thanh ba giao tuyen PR, SQ, AC d6ng 
quy tai I. 

Trong mat phang (ABC) 

PA = PB; BR = 2RC (gt) 

Ke CK//AB. ] 

Trong mat phing (ACD) c6 QC = QD (gt) 

Ke CH//AD ta co: 

Xet ARBP va ARKC <z> RC = J/J RB (gO 
=> KC = y 2 BP o CK = y 2 AP 
c> AC = CI=>CH = J/^AS 



I 


ma xet: 

ACQH va ADQS=> QC = QD => SD = CH => AS - 2SD (dpcm). 


3: COei ol tr/ ttt'e’ny it fit eua hai itu’&tuj fitting 
Phuong phdp chung: 

- Xet hai dudng co thuoc mot mat phang hay khong thuoc mot mat 
phang. 

- Neu thuoc mot mat phang: Cat nhau, song song, trung nhau. 

- Neu khong thuoc mot mat phang thi a cheo h. 

Bai 175. Cho a, b la hai dircmg thing cheo nhau. A, B thudc a; C, D thu6c 
b. Chung minh AD va CB cheo nhau. 

Gidi 

Gia su AD va BC kh6ng cheo nhau nghla AD va BC thuoc m6t mat 
phang P 

Hay: 

AB e P -> a e P 
CD g P -> b g P . 

V£y a, b kh6ng cheo nhau trai v<Vi gia thiet nen AD, BC cheo nhau. 

Bai 176. Cho hai dircmg thing cneo nhau a va b. M6t ducrng thing c//a hai 
dubmg thing c va b co the xay ra vi t i tirong d6i nao. 

Gidi 

c va b chi xay ra: c cheo b hoac c i it b. 

II. Bai tap tu ziai 

Bai 177. Cho tur dien ABCD; M, N ian li/prt trung di£m cua cac canh AB, 
CD va G la trung diem MN. 
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a) Chung minh AG di qua trong tarn A’ cua ABCD. Phat bieu ket luan 
tuong tu doi vdi BG, CG, DG. 

b) Chung minh GA = 3GA\ 

Bai 178. Cho tu dien ABCD; M, N, P, Q, R, S lan lircrt cac trung diem 
canh AB, CD, BC, AD, AC, BD. Chung minh 

c) MPNQ la hinh binh hanh 

d) Chung minh MN, PQ, RS dong quy tai trung diem m6i doan. 

Bai 179. Cho tu dien ABCD. Goi A,, B,, C,, D, tuong urng la trong tAm 
cac tarn giac BCD, ACD, ABD, ABC. Chung minh: AA,, BB,, CC,, DD, 
dong quy va 

AG BG CG DG 3 
AA, " BB, “ CC, DD, ’ 4 

Bai 180. Cho tu dien ABCD; I, J la trong tarn tam giac ABC va ABD 
Chung minh IJ//CD. 

Bai 181. Cho tu dien ABCD. Goi I, J la trong tam tam giac ABCD va 
AACD. Mot diem M trong khong gian. Goi M,, M 2 doi xung vdi M qua I, J. 

, , SM 7 2 SM, 

Qtung minh rang: BM, x AM, = S va ti so-- = — =-. 

SB 3 SA 

Bai 182. Cho tu dien SABC. Tren SA lay di6m M sao cho: = —, tren 

MA 2 


AC lay diem F thoa man-= —. Tren SB lay diem N thoa man -= 2 . 

FA 2 NB 

Tim thiet dien mat (MNF) voi hinh tu* dien. Goi E la giao diem BC voi 

OF 

(MNF). Tim ti so —. 

EB 

Bai 183. Cho hinh chop SABCD vdi ABCD la hinh thang day la AD va 
BC. Biet AD =a; BC = b. Goi I, J la trong tam tam giac SAD va SBC. Mat 
(ADJ) c^t SB, SC l^n luot tai M, N. Mat (BCI) cdt SA, SD lan luert tai P va Q 
a) Chung minh MN//PQ 


b) Gia sir AM c^t BP tai E, CQ c^it 
DN tai F. Chung minh 
EF//PQ//MN. Tim EF theo a, b. 



Bai 177. 

Cdch 1. Xet hai mat phing (ABN) va 
(APD) c4t nhau thet) giao tuyen AA’. 

Xet AABN thi MN trung tuyen va 


—- — = — <=> MN x AA' tai diem G. G 
BN 3 



la trung diem cua MN => GA = 3GA\ 


C 


92 



(theo bai 127) 

Cdch 2. Gia sir AG ciit mat ph&ng (BCD) tai A’ ta churng minh A’ la trong 
tam A BCD. 

A' e BQ. 

Ke MS // A A' => G A 1 = — MS = — AA' (I) 

2 4 

NA' = — A' B => NA' = — NB -=> A’ la trong tam. (2) 

2 3 


Tu (1) va (2) => A’,A,G thang hang, GA'=^-GA (dpcm). 

Phat bieu tirang tu: Goi P, Q la trung diem cua BC, AD; G la trung diem 
PQ. Chung minh BG di qua trong tain AACD. . 

Bai 178. " A 

a; 

MP//AC 
NQ // AC 
Tuong tir: 

MQ//BD 


MP//QN 


, => MP//PN 

NP//BD 

Vdy MPNQ la hinh binh hanh. 

MN cat PQ tai O la trung diem cua moi doan 
b) Tuong tir PQ va SR cat nhau a diem O. 

Vay ba dubng PQ, SR, MN dong quy. 

Bai 179. 

Goi A,, B, la trong tam tam giac BCD va ACD 
MA, MB, 1 

MB ~ MA ~ 3 
AABM; AA, x BB, = G 
Theo dinh It Talet thi: 

GA, GB, 1 

3 



C 


GA GB 


<=> 


G A GB 
GA 

ga + ga. " 


GA, GB, 



GB 3 ^ GA 
GB + GB, “ 4 ° AAT 


GB 

BB, 


3 

4 


C 


Tuong tu ta chung minh duoc: 
quy tai G (dpcm). 


GD GC 3 

-=-= — va cac dubng do dbng 

DD, CC. 4 b b 
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Bai 180. 

Xet trong mat phang (AMN) va AAMN co: 

IA _ JA _ 2 
MA ” NA ~ 3^' 

Theo djnh If Talet IJ//MN ma MN // DC <=> DC //1J 
(cung song song MN). 


Bai 181. 

( Ap dung bai 180) 

U 1 
AB 3 

M,M, 


IJ//AB; 


IJ// M. M, va 


AB 


2 

3 


Xet trong mat phang ABM,M 2 

SA 

=> AM, x BM, = S va 


AB 


SM, M.M, 



- (dpcm) 


Bai 182. 

Ta tha'y MF//SC, vSy (SBC) cat (MFN) 
theo giao tuyen di qua N va NE//MF//SC. 

„ NB 1 BE EC , 

vay -= - =-<=>-= 2 

NS 2 EC EB 
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Bai 183. 

a)_ (AJD) x(SBC) = MN . 

Ta co: AD//BC o MN I I BC // AD . 

(BIC) x (SAD) = PQ ta co AD// BC =9 PQ // AD o MN //PQ. 


w JB CN AP 1 EP EM 

Vay — =-=-= — => — =- 

BS CS AS 3 EB EA 

EM _ 2 
EA ” 3 

=> < 

FN _ 2 
. FD 3 

Tirctng tu: EF//PQ//BC. 
b) Xet hinh thang AMND. 

EM _ 2 _ EN 

EA ~ 3 ~ ED 
Noi AN cat EF tai K. 




0 9 

KF = — AD = — a 
5 5 


ma MN = — BC <=> MN 
3 



Thay vao ta co: EK + KF = EF = |b + |a = |(a + b) 
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PHAN 3. DlfCJNG THANG VA MAT PHANG SONG SONG 


A. Kien thuc co ban 

L Vi tri tuonz doi dir&nz thing va mat phang 

Cho difcmg thing d va mat phing (a) tuy theo diem chung cua d va mat 
phing a. 

- Neu d va a khong co diem chung => d//( a) hay (a) //d. 

- Neu d va a co mot diem chung duy nhat ta noi d cit a. 

- Neu d va a co hai diem chung thi ta noi d g a . 


IL Tinh chat 

1. Cho d va ( a ); d khong nim trong ( a ) va d//d’ g a thi d// a 

d £ a ,./ \ 

=> d//(a) 
d//d'ea V ' 

2. Cho d//(a ) neu mat phang ( [3 ) chua d. (p)x(a) = d' thi d’//d. 


d//a 
d g P 


dV/d 


3. Neu a // d; P//d thi a n p = d ’ thi d’//d. 

a // d; p//d 

=> a //a 

a n P = d' 

4. Neu hai ducmg thing d, cheo d : co duy nhat mot mat phing (a) chia 
dj song song vdi d 2 . 

d, va d, cheo nhau 
co duy nhat a chiia d, va a//d. 


B. Bai lap 
/. Bai tap mdu. 


fOauq 1: @hu’iiy min ft (Ttiou(j ihamj somj s&uy ooi mat 


Phtrcmg phap chung: 

- DiCa va dinh nglua. 

- Chttngminh: d//(a) o d//d' g (a) 

- Chung mink: d e (p),(p)//(a) 

Bsu 184. Cho tur dien ABCD. I, J lin luct la 
trong tam AACD, AABD. Chung minh IJ // (ABC). B 
Gidi 

Goi M ia trung diem cua AD, I g BM, J g CM 
Xet ABMC ta co: 
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— = — = -=> U//BC. 

MB CM 3 

Ma BC g (ABC) => IJ//(ABC). 

Bill 185. (Bai tap 1 SGK trang 79) Cho hai hinh binh hanh ABCD va 
ABEF khdng cung nSm trong mot mat phhng, co tarn O va O’. 

a) Chirng minh 00’//(ADF) va (BCE) 

b) M, N lan luot la trong tarn AABD va AABE. Chung minh MN // (CEF). 
Gidi. 

a) Xet ABEF co OO’ la ducmg trung binh ;=> OOV/DF ma DF e (ADF) 

=> 00’//(ADF) . (dpcm). 

Tuong tu xet ACAE co OO’ la ducmg trung binh 
=> OOV/CE ma CE e(BCE). 
vay 00’//(BCE). tdpcm). 

b) Xet trong tarn M tarn giac ABD va 
N trong tarn tarn giac ABE 

_ }OM O'N _ 1 
^ 1 OA “ OB ~ 3 
Cdch 1: Xet trong tarn P tarn giac 
ABF 


OP 


O'A 3 
=3-NP//AB = 

Va xet AACE 

Ttr (1) va (2) = 



NP//EF (1) 
MA AD 
AE 


AC 

(MNP)//(CEF) 


= — => MP//CE (2) 


Cdch 2: MN//(CEF) 

Ta tha'y mat (CEF) trung (DCEF); goi R la trung diem AB. M e DR va 
N e ER. 

MR _ NR _ 1 

DR ” ER ~ 3 

Vay MN//DE => MN//(DCEF) (dpcm). 


\O qmj 2: r /)u'*tg mot thief diin tong tony o/fi mot itudtuj f/iaug] 

Phtrong phap chung: 

- N eu a chiita dudmg thdng a ma a 1/ ([)) thi ax(3 = b=>a//b. 
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Bai 186. (Bai tap 2 SGK trang 74) 

Cho hinh chop SABCD co day la tur giac loi. Goi O la giao dilm cua hai 
dirfrng cheo AC va BD. Xac dinh thiet dien cua hinh chop di qua O, song 
song vai AB va SC. Thiet dien la hinh gi?. 

GiaL 

Goi mat ph&ng chtfa thiet dien di qua O 
va song song AB nen cdt mat day A,B,//AB, 
clt mat (SBC) tai B,B 2 //SC va c4t mat (SAB) 
tai B,A 2 //AB. Vay thiet dien A,B,B 2 A 2 . 

A,B,//A 2 B 2 //AB nen thiet dien la hinh 
thang. 

A 


Bai 186. (Bai t&p 3 SGK trang 79). 

Cho hinh chop SABCD, ABCD la mot hinh binh hanh. Xac dinh thiet dicin 
hinh chop cdt bai mat ph&ng ((3) di qua trung diem M cua canh AB va song 

song BD, SA. 

GiaL 

Goi mat phang(p) can dung. 

(P)//BD o (P)x (ABCD) = MN//BD; N e AD. 

(p)//SA => (p)x(SAD) = NP; NP//SA vai I e SD 
(P)//BD <=> (p)x(SBD) = IJ//BD 

(P)//SC <=> p X (SAC) = LR//SA vai Re SC. 

Vay thiet dien do MNIRJ 
(MNIJ la hinh binh hanh). 


AND 
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II. Bai (dp tuluyen. 

Bai 187. Cho hinh chop SABCD c6 day ABCD la hinh binh hanh. Goi G 
la trong tam tam giac SAB; 1 la trung diem cua AB. Lay M thuoc AD sao cho 
AD = 3AM. 

a) Tim giao tuyen (SAD) va (SBC) 

b) Dubng th&ng di qua M song song AB cSt Cl tai N. Chung minh 
NG//( SCD). 

c) Chung minh ding MG//(SCD). 

Bai 188. Cho hinh lap phirong ABCDA'B’C'D’ diem E chia DB theo ti so 
1/3, diem F chia B'A theo ti so 1/3. Ciung minh EF//(A’B’CD). 

Bai 189. (Bai tap 4 SGK trang 79) Cho tu dien ABCD xac dinh thiet dien 
cat bdi mat phang a di qua trong t^rn G cua tam giac ABC dong thdi song 
song voi AD va BC. 

Bai 190*. Cho hai dirdng th^ng (heo nhau a va b. Mot diem M khong 
nam tren a va b. Chung minh ring chi co mot mat phing P chua M song song 
vbi a va b. 

Bai 191. Cho hai dudng thing a, b va mot diem M khong thuoc a, b. Dung 
dudng thing c di qua M cat a va b. 

Bai 192. Cho tu* dien ABCD, mot diem M thuoc canh BC dung thiet dien 
chua diem M song song AB va CD. Thiet dien la hinh gi?. 

Bai 193. Cho tir dien SABC. M la diem tuy y tren canh SB. 

a) Dung thiet dien di qua M va song song SA, SB. Thiet dien la hinh gi? 

b) Xac dinh vi tri cua M de thiet dien la hinh thoi. 

c) Xac dinh M de dien tfch thiet dien 1cm nhat. 


III. Huong dan gidi. 

Bai 187. 

a) (SAD) va (SBC) co AD//BC va co S e (SAD) va S e (SBC). 
Nen giao tuyen: 

(SAD) n (SBC) = Sx. 

Sx//AB//BC 

b) Chiing minh GN//(SCD). 

AM _ IN _]_ 

~ IC ~ 3 


MN//AB//CD: 


AD 


V v r P IG 1 

V i U la trong tam nen: — = — 

IS 3 


Xet ASIC : cr> 
c) Cach I: 


IS IC 3 
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Nd'i MI x DC = K. 


Ta tha'y: KD// AI O 


AM _ MI 
AD ~ IK 


]_ 

3 


(MGN)//(SDC 


Xet ASKI taco:—= —--OMG //SK 
IK• IS 3 

SK g (SDC) => MG//(SDC) (dpcm). 

fGN//SC 

Cach 2: Xet (MGN) va (SDC) co: i (theo a) 

[MN //DC 

=> MG //(SDC). 

Bai 188. 

Cho hinh ABCDA’B’C’D’ la hinh hop lap phuong 

EB 1 

E chia BD theo ti s6' 1 /3 o-= — 

ED 3 

FA 1 

F chia BD theo ti so 1/3 o — = - 

FB 3 

Chtfng minh EF//(A’B’CD). 

N6'i AE cat DC tai K. 

Xet 2 tam giac AEB va BEK 
_ EB _ AE 1 

^ ED ~ KE _ 3 
Xet tam giac AB’K ta co: 

— = — = -=?FE//B'K A 
B'F KE 3 A 

Ma B'K g A'B'CD <=> EF//(A'B'CD) (dpcm). 

Cach 2: Qua E ke EN // AB. Xet mat phing (A'B’CD) va (NEF) ta co: 

NA FA 1 , f * 

=-= — (theo ainh li Taletj 

rrr>» n 



(NFE)//(A’B’CD) => EF//(A'B'CD). A 


ND FB 
NF//DB' 

NE//DC 

Bai 189. 

Dung thiet dien (a) chua G treng tarn 
AABCva song song vai AD, BC. 

(a)x(ABC) = Gx (Vi Gg(ABC)) 

Gx // BC => Gx x AB = I; GxxAC-J B 
IJ//BC. 

Mat (a)//AD o (a)x (ACD) = Jy//AD 
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&■ 

Vi Je(ACD); Jy x CD = N . 

Va N z // BC; NzxBD = K . 

Tu’ giac IKNJ thiet dien can dung. 


Bai 190. 

a, b cheo nhau M e a, M £ b. 

Qua M ke dirang thing a 7/a, bV/b. Vi a, b cheo nhau nen a’, b' phan biet 
vii co duy nhat a’, b' nen mat phing chua a\ b’ duy nhat. 

Bai 191. 

Cckh 1: 

Dung P chua a va M. Dung Q chua b va M. 

P x Q = C di qua M. 

Cdch 2: 

Qua a va M ciung P. Lay b x P = N trong P. 

Dudng MN la ducmg cin dung. 

Bai 192. 

Cho A BCD va M € BC. 

Goi thict di£n la (a). 

(a)x (ABC) = Mx// AB . 

Mxx AC = N 
(a)x(ACD) = Ny//CD. 

Ny x AD = P 
(a) x BCD = Mz // CD. 

MzxBD = Q 
PQ//AB. 

Vay thi6t dicn MQPN la hinh binh hanh. 

Bai 193. 

a) Dira vao bai 192 

b) Gia sir MNQP la hinh thoi. 

Theo dinh !i Talct ta c6: 

MQ SM BC.SM 

BC SB SB 

MN MB ... SA.MB 
SA 



SB SB 

Vi MNPQ la hinh thoi thi MN = MQ 
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SA.SB 


O 


BC.SM = SA.MB = SA(SB - SM) c=> SM = 


BC + SA 


(Dkng thuc dung dugc SM). 

Dung doan BC + SA = a. Dung doan ti le thu tu 

SM SAM! 
a 

c) Dien tich MNPQ la hinh binh hanh. 

S MN pq = MN.NP.sin MNP = MN.NP.sin(SA,BC). 

vay S^^max o MN.NPmax 
MN NP 

O-.-max ma: 

SA BC 

MN NP SM MB 


SA BC SB SB 
Vay M la trung diem cua SB. 


+-= 1 o MN.NP max <=> 


SM _ MB 
SB _ SB 


2 
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PHAN 4. HAI MAT PHANG SONG SONG 


A. Kien thtfc co ban 
LDinh nghia: 

Hai mat phang a, (3 clirac goi la song song vdi nhau neu chung khong co 
diem chung. 

Ki hieu: 

a//p hoac p//a 
a//p <=> a n p = $ 

II. Tinh chat. 

1. Neu mat phang a chua hai duong thang cat nhau d,, d 2 va hai duong 
thang cung song song vdi mat phangP thi a//p. 

d, e a; d 2 e a 

» 

Tom t^t: < d, nd 2 = jl} => a//p. 
d,//P; d 2 //p 

2. Qua mot diem d ngoai mat phang da cho co mot va chi mot mat phang 
song song vdi mot mat phang da cho. 

3. Qua mot duong thang d song song vdi mat phang a co duy nhat mot 

•J 7 

mat phang song song vdi mat phang a. 

p 3 d 


Tom tat: d//a; 3P; 


p//a 


4. Hai mat phang phan biet a va P cung song song vdi y thi a//p. 

Tom tat: i ^ a//p va a//p//y 

Ip/zy 

5. MOt diem A khong thuoc mat phang a. Moi dudng thang d di qua A; 
d//cx thi d thuoc mot mat p chua A, p // a. 

A g a 

loin tat: < A e d; d//a => d e P; 

A e P; p//a 

6. Cho hai mat phang a va P song song vdi nhau. Neu mot mat phang y 
cat a theo giao tuyen d h cat P theo giao tuyen d 2 thi d,// d 2 . 

a//p 

Tom tat: *1 y x a = d, => d, //d 2 
yxp = d 2 
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7. Dinh If Talet. 

a) Dinh li thuan: Cho 3 mat phing a//p//y. Chung cit lan Inert hai durong 


thing d„ d 2 theo thu* tir ABC, A’B’C’ thi 


AB BC 
AB' “ B C 


Tom tit: 


dxa=A; 
dx p = B; 
d x y - C; 


d'x a = A' 

d'x p = B* => a//p//y => (1) 
d'x y = C’ 


CA 

CA’ 


(1) 


va 


b) Dinh li dao: d, d’ cheo nhau 

A, B, C € d; A\B\C' e d\ Sao cho B nam giira AC; B’ nim gifra AC 

AB BC CA , , v ,. 

-=-=-. Khi do AA , BB , CC cung song song voi mot 

AB’ BC 1 CA 1 


mat phang. 

II. Hinh Ians tru va hinh hop. 

1. Hinh lang tru. 

Cho hai mat a//p . Tren mat phing a cho da giac loi A,A 2 ...A n . 

Qua cac dinh A,A 2 ...A n ve cac dircmg thing song song voi nhau cit p tai 
A\A\...A\. Hinh mien gom hai mien A,A 2 ...A n , A’,A’ 2 ...A’ n va n mi6n hinh 
binh hanh A,A’, A 2 A\, A 2 A\A 3 A’ 3 ,."* A^A’ n A,A’„ dirge goi la hinh lang 
tru ki hieu: A,A 2 ...A n ,A’,A’ 2 ...A’ n . 

- Lang tru co day AjA 2 A 3 A 4 ,) la hinh binh hanh goi la hinh hop. 

- Lang tru co cac mat ben va hai mat day la hinh chtf nhat la hinh hop chfr 
nh&t. 

- Lang tru co day la hinh vuong va cac mat ben la hinh vuong goi la hinh lap 
phuong. 


B. Bai tap. 

I. Bdi tap m&u: 

Wet tty 1: &t titty min It hai mat phtitty CX//P. 

Phuong phap gidi: 

- Van dung tmh chat 1 va 4 

- Su dung chink a chtfad,//fi cliUa d 2 l I P ; d, x d 2 . 
Bai 194. (Bai so 1 SGK trang 84). Cho 

hinh binh hanh ABCD va ABEF khong 
cung nim trong mot mat phing. Goi M va 
N hai diem di dong tren AD va BE sao 

, AM BN 

cho: -=-. 

MD EN 

Chung minh MN song song mdt mat 
phing co dinh. 


C 
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Gioi. 

Ke NI //AB//EF ta c6: 

AI BN AM 

][• 


MI//DF; NI//EF 


EN DM 

<=>(MIN)//(DCEF) => MN //(DCEF)co dinh (dpcm). 

Bai 195. (Bai tap 2 SGK trang 89). Gio hai diem M, N di dong tren hai 
nua dirdmg cheo nhau Ax va By. 

a) Hay chi ra mot mat ph&ng (P) chiia By song song vdri Ax.Tfir M ke 
dirdng th&ng song song voi AB ck mat phing P tai E. Tim tap hop E. 

b) Khi M, N di dong sao cho AM = BN. Chung minh MN song song voi 
mat phdng co dinh. 

Gidi. 

Xac dinh mat phdng (P) chura Bx va song 
song Ax. 

Xac dinh mat phdng (Q) chufa Ax va B. 

Trong (Q) ve Bz // Ax. 

Mat phang (P) xac dinh By, Bz 

M e Ax. Ke ME//AB cdt (P) tai E thi 

BE//Ax. 

Vay E e Bz. 

AM = BN; M e Ax; N e Bz nen BE = BN. 



Vay NE J_ BK, BK la dirong phan giac yBz. 

Trong mat phdng (P) ke Bm 2 . BK ; MN // (ABm) co dinh. 

That vay EN 1 BK => EN // Bm; EM//AB 

=> (EMN)//(ABm) <=> MN //(ABN) 

Bai 196. (Bai tap so 3 trang 89). Trong mat phang a cho mot hinh binh 
hanh ABCD. Qua A, B, C, D ve 4 dirong thdng a ? b, c, d song song voi nhau 
khong ndm tren (a). Tren a, b va c lay lan hrot Ay B\ C tuy y. 
a) Hay xac dinh D’ e d la giao cua d voi (A’B’C’). 
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Pang 2: c$ir (/tuifj itinh It Qalet (te elu'uuj mink mot so (tuf t ehd'i hb*h\ 
Phaomg phap chung: 

Dtfa bai todn ve dang hinh hoc phang , xet cdc tinh chat tren hinh hoc 
pluing, sir clung dinh UTatet de chting minh. 


Bai 197. Cho hinh lang tru tarn giac ABCA’B’C’, cac canh ben la AA\ 
BB\ OC\ Goi M, M’ lan lurot la trung diem canh BC, B’C’. 

a) Chumg minh AM song song A’M’ 

b) Tim giao diem cua mat (AB’C’) va dirong A’M. 

c) Tim giao tuyen cua 2 mat phang (AB’C’) va (BA’C’). 

Gidi. 

a) Chumg minh AM//A'M\ 

Xet hinh binh hanh CBB’C’ 



Bai 198. Cho tu dien ABCD cat tu dien bai thiet dien MNEF vai M, N, E, 
F Uin luat nkm tren canh AB, BC, CD va DA. Chung minh: 
MA NB EC FD_j 

MB NC ED FA ~ 

Gidi. 

Cdch 1 


Tnrong hap 1: MN//EF//AC 

_ , MA NC EC FA 

Ta co: 


MA NB EC FD 


MB NC ED FA 


MB NB ED FD 
Tnrcmg hap 2* MN x EF - O 
Theo tinh chat giao tuyen cua mat phang 
(ABC), (ACD) va (MNEF) thi MN, AC, EF 
cat nhau a O. 

Ke CI//AB; CJ//AD. 

NB MB OC OI 

NC _ Cl ’ OA ~ MA 
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MA NB OC , , 

MB NC OA 
Tiromg tu: 

ECFDOA_, 

ED FA OC 
Tir (1) va (2) ta co: 

MA NB EC FD 

——.-.-.-= 1 (clpcm). 

MB NC ED FA 
Cach 2: Dung dinh If Ta let: 

Dung 4 mat phang song song vdi mat phang MNEF 
Cat bai 5 mat phang tren bai dirang thang A 
Mat phang qua A cat A tai A' 

Mat phang qua B cat A tai B’ 

Mat phang qua C cat A tai C 
Mat phang qua D cat A tai D’ 

Mat phang qua (MNEF) cat A tai O. 

Theo dinh li Talet ta co: 

MA OA 
MB OB' 

NB OIT 
NC ~ OC' 

EC OC 
ED " OD’ 

FD OP' 

FA ~ OA 

MA NB EC FD , ^ 

-.-.-.-= 1 (dpcm) 

MB NC ED FA 

II. Bai tap luyen tap 

r Pitt\*t /. (Bflrf lap trite rn/ltient. 

Bai 1. Cho hai dirang thang a va b song song vdi nhau. Trong cac menh 
d£ sau, menh de nao dung? 

a) Mat phang P song song vdi a thi cung song song vdi b 

b) Mat phang P cat dirang thang a thi khong cat b 

c) Mat phang P song song vdi a thi mat phang P hoac song song vdi b 
hoae chua b 

d) Mat phang P cat a thi P cat b. 

Bai 2. Trong cac menh de sau, menh le nao dung? 

a) Hai mat phang song song vdi mot Jirdng thang thi song song vdi nhau. 
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b) Hai mat phlng song song vdi mot mat phlng thi song song vdi nhau 

c) N6'u mot cftfcmg thing song song vdi mot trong hai mat phlng song 
song vdi nhau thi song song voi mat phang con iai. 

d) Hai dudng thing cung song song vdi mot mat phlng thi chung song 
song voi nhau. 

Bai 3. Trong cac menh de sau menh dt nao dung? 

a) Neu mot dirdng thing nlm tren mot trong hai mat phlng song song 
thi song song vdi mat phlng kia. 

b) Neu mot dirong thing song song vdi mot mat piling thi song song vdi 

•f 

moi dirong thang trong mat phang do, 

c) Neu mot dirdng thing nlm tren mot trong hai mat phlng song song 
vdi nhau thi song song vdi cac dudng thing trong mat phlng kia. 

d) Hai dirdng thing clt hai mat piling song song vdi nhau thi hai dirdng 
thing do song song vdi nhau. 

Bai 4. Cho hinh chop SABCD, ABCD la ttr giac loi. Thiet dien clt boi mot 
mat phlng a bat ky vdi hinh chop khong the co: 

a) Ngu giac b) Tu giac c) Tam giac d) Luc giac 

Bai 5. Cho hai dudng thing d,, d 2 phan biet cung nlm trong mat phang. 
Co bao nhieu vj trx turomg doi hai dudng thang do? 

a) 1 b) 2 c) 3 d) 4 

Bai 6. Cho tu dien ABCD. M, N, P, Q, R, S lan luot cac (rung diem ciia 
cac canh AB, BQ CD, DA, AC, BD. Bon diem nao sau day tao thanh hinh 
binh hanh? 

a) M, N, P, Q b) R, S, M, N c) R. S, P, Q d) R, P, M, N 

Bai 7. Cac menh d& sau menh d6 nao dung. 

a) Hai dirdng thing lln luot nlm trdn hai mat phlng phan biet thi cheo 
nhau. 

b) Hai dudng thing khong co diem chung thi cheo nhau 

c) Hai dudng thing cheo nhau thi khong co diem chung. 

d) Hai dudng thing phan biet khong song song thi cheo nhau. 

Bai 8. Cho d,, d 2 cheo nhau. Co bao nhieu mat phang chira d, song song 
voi d 2 ? 

a) 1 b) 2 c) 3 d) 4 

Bai 9. Cho tu dien ABCD, diem M thuoc AC. Mot mat phlng song song 
BC va AD clt lu dien co thief dien la: 

a) Hinh thang b) Hinh binh hanh 

c) Hinh chu nhat d) Hinh vuong 

Bai 10. Trong cac menh de sau menh de nao dung? 

a) (a)//(p) va d, e (a); d, e (p) d,//d, 

b) (c?)//(p) va d, // (a); d 2 // (P) d,//d 2 

c) (a)//(P) va d, e (a) d,//(P) 

d) d,//d 2 va d, e (a); d 2 e (P) (a)//(P). 
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f pWw 2. (Bai tfip tti l/iijem . 

Af #so chu y khi giai toan tit luyen 

1. Chung minh dudng thing a song song vdi mot mat phing (P) bing cac 
each sau: 

- Chung minh a// d (d bat k'l thuoc P) va mat phing (P) khong chura a. 

- Chung minh a e Q ma Q//P. 

2. Chumg minh a//b. (Hai ducmg thing song song) 

- b la giao tuyen cua mat phang P ma P // a vdi mat phing Q chua a 

- Chumg minh b la giao tuyen (P) va (Q) ma a//P; a//Q. 

- a va b giao tuyen cua hai mat phing P//Q vai mat phing R chua a va 
b. 

7 » 

3. Chung minh hai mat phang song song vdi nhau P//Q 

- Chumg minh P chua 2 dudng thang d, x d 2 ; d,//(Q) va d 2 //(Q) 

- Chung minh d,, d, g P, d^d,’ g Q; d, x d-,; d,’ x dC va d,//d, 
d2//d2’ thi (P)//(Q)’ 

- Co the dung phuomg phap chumg minh. 

4. Cho a, b, c cheo nhau tung doi mot. Tim hai diem M g a; N e b sao 
cho MN song song vdi C. 

Th‘ phuomg phap dm: 

Mat (a) chira a song song vdi c 
Mai ((3) chua b song song vdi c. 

(a)x (p) = d; d//c 

dl xa== A; d x b = B can tun. 

Ba: 199. Cho hai hinh vuong ABC'D, ABEF d trong hai mat phing phan 
biet. Tren cac dudng cheo AC va BF lan hrert lay cac diem M, N sao cho 
AM =BN. Cac dudng thing song song vdi AB ve tir M, N lan luot cit AD va 
AFttaiM\N\ 

a) Chung minh (ADF)//(ACE). 
b») Chung minh M S N’ // DF. 

c) Chung minh ring (DEF)//(MM , NN , ); MN//(DEF). 

Rai 200. Cho hinh lap phuomg ABCDA,B,C,D,. M, N lin luot la cac diem 

thu6c :anh AA, va BC sao cho —— = . P la trung diem CC,. Tim 

MA NB 2 

giao> ciem dudng thing di qua P va song song vdi MN vdi mat phing 
(A]B,C jDj). 

Rai 201. Cho hinh hop ABCDA.B.C.D. 

a) Chirng minh mat phing (BDC,) song song vdi mat phing (AB,D,). 
b>) Goi M, N la trung diem cua cac canh AD va C,D,. Chung minh ring 
MN///(3C,D). 

Rai 202. Cho hai dudng thing cheo nhau. Chung minh ring co m6t cap mat 
phamg iuy nhat song song vdi nhau, mdi cap di qua mot trong hai dudng thing do. 
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Bai 203. Cho ba dirong thing a, b, c doi mot cheo nhau. Co hay khong 
duong thing clt ca 3 dirong thing a, b, c. 

Bai 204. Cho hinh chop SA,A 2 ... A n . Mot mat phlng song song voi mat 
day A,A 2 ... A n , clt SA,SA 2 ...SA n tai cac diem A’,A\... A’ n . Thi A’,A\...A’ n 
va A,A 2 ... A n co nhan xet gi. 

Bai 205. Cho hinh lap phuong ABCDA’B’C’D’ canh a. Mot diem M 

thuoc AD’ va N thu6c DB sao cho AM = DN = x (0 < x < aV2 ). Chtfng 
minh ring khi x bien thien thi MN luon song song vo’i mat phlng (A’D’CB). 

Bai 206. Cho hinh chop SABC dinh S va O la diem thuoc mat day ABC. 
Qua O ve cac dirong OA\ OB’, OC’ lan luot song song S\, SB, SC. Trong do 
A’B’C’ lan luot thuoc cac mat ben SBC, SCA, SAB. 


Churng minh ring: 


OA' OB' OC' t 

-+-+-= 1 . 

SA SB SC 


Bai 207. Qio hinh hop ABCDA’B’C’D’. Goi M, N, P tuong urng la cac 
trung diem cua cac canh AB, BB’, C’D\ Chung minh (MNP)//(BDC’). 


Dang toan dung hinh va quv tich trong khong gian (Bai tap nang cap) 

Bai 208. Cho hinh lap phuong ABCDA’B’C’D’. Dung duorng thing elt 
AC’ va BA’ dong thoi song song vdi dubng thing B,’D,’. 

Bai 209. Cho tu dien SABC deu. Cac diem M, N lan luot la trung diem 
cua cac canh AC, SB. Tren duong AS va CN chon P, Q sao cho PQ//BM. Hay 
tmh do dai PQ biet cac canh tu dien blng 1. 

Bai 210. Cho hinh hop ABCDA^QD,. Tim M tren AC,, N tren B,D, sao 
cho: 

MC 

MN//A.D. Tmh ti so- ± 

MA 

III. Hit&ng dan gim - dap so 


C Bai fiifi trae $uj/tie$u 


Cau 

l 

Cau 

2 

Cau 

3 

cau 

4 

Cau 

5 

Cau 

6 

Cau 

7 

Cau 

8 

C<1u 

9 

Can 

10 

c, d 

b 

a 

d 

b 

a 

c 

a 

b 

c 


r Bai tap tit I/ttjen 

Bai 199. 

a) Chung minh: (ADF)//(BCE). 

That vay: AF e (ADF); AF //BE => AF // (BCE). 

Tuong tu: AD e (ADF); AD//BC => AD//(BCE). 

Vay (ADF)//(BCE). / 

b) ABCD, ABEF la hinh vuong nen: AM = BN, / M‘- - - \m 
AC = BF. 



D C 
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AM' 

-AM (1) 

AD 

AC 

AN' 

BN 


=- (2) 

AF 

BF 

AM' 

_ AN' 

AD 

AF 


•=$ MM '//CD => 

NN 7/AB =^> 

Tie (1) va (2) o 
oM’NV/DF (3) 

c) That vay: Tu (1) va (2) => (DCF)//(MNN 1 M') ^ 

Ma MN e (MNM’N') => MN //(DCF). 

Bai 200. 

Xet mat ph&ng MNP 
(MNP) chua NPxB,C, - I 
NP//AA,D,D 

o (MNP)x (AA,D, D) = MJ //NP 


Y ^ 


/ 1 

i i 

/ * 

B, 

! I 


. D 





MJ xA,D, = J ^ 

r> (A i B l C,D 1 )x(MNP) = IJ 

Vay ke PL //MN; PL x IJ = K (giao diem can tlm). 

Bai 201. 

a) (BDC,) chua BD, BC 
(AB,D,) chira B,D,, AD. 

Ma BD//B.D,; BC.//AD, 

(BDC^/AABjDj) 
h) Cdch 1: 

M la trung diem AD 
N la trung diem C,D, 

Cioi I la trung diem BD; 
do ABC|D, la hinh binh hanh: 

=> Al3//C I D I va AB=C,D, ma MI//AB; MI= j/^AB 
vaMI//C,D,; MI = j^C,D, =C,N. 


N 



Vay MIC,N la hinh binh hanh <=> MN //C, I => MN //(BC,D) vi 


C 1 Ig(BC,D). 

Cdch 2: Sir dung dinh If Talet dao. 

Bai 202. Gia sir b’ x a va b ’// b; a’ x b va a’ // a. 

Khi do (a, b’) // (b, a’). 

Gia sir co (P) chua a va (P) song song b thi khi do (P) chua b' 
=> P s (a,b’) (1). 


Ill 







Gia sir co (Q) chura b song song a thl Q chua a’ => Q = (b,a') (2) 

Xfir (1) va (2) => P va Q duy nha't. 

Bai 203. Cho a, b, c cheo nhau 
(Q) chura a va chua M € c. 

(P) chura b va chiia Mec. 

Lay M thuoc c. Co giao tuyen di qua M c&t ca a va b. V&y A di qura M 
can tim dtt ca a, b, c 
Vay co vo so. 

Bai 204. i 

Cho hinh chop SA. A 2 ...A n . 

Mat phang (a)// (A,A 2 ...A n ). 

Nen A^A,^ la hai giao tuyen 2 mat piling song song vdi mat SA,A 2 
=> A, A, // A, ’A/ 


Va ta co: 


SA( 

SA, 


a(a ; 2 

a.a 2 


a( Ai a'a' 


A'' A' 

Tuong t a: = ... = —. 

A,A 2 A,A 3 A„A, 

Bai 205. 

Cdch 1: Cue dirdng cheo hinh hop: AD’ = BD = aV2 . 

AU nKT NB MD’ aV2-x 

ND MA x 

Vay theo dinh l r Talet dao suy ra MN song song vdi mat phang chia BD’ 
vasong song AD. Do chinh la mat phang: ( A’D’BC). 


Cdch 2 : 

TuNke NI//BC (1) => 


NB 

ND 


CI__ AV2-x 
DI ~ x 


„ iln , MD’ JD' 
TuMke MJ//A D ■=>-=-= 

MA JD 
IC JD' 

Vay xet trong A DCD’ c r. — --= 

ID JD 

Vay U//CD’ (2). 

Xet mat phing (NIJMJ) vi. (A’D’CB) 
Tit (1) va (2) => (f r IJM)//(A ’D’CB) 

=> MN//(A’D’CB). 

Bai 206. 

Xet mat phang (SAC A’) 

Mat phSng (SBC) cc giao tuyen la SM. 



B' 


C' 
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(1) 


Xet A SAM thi: 


OM OA’ 


AM SA 

TUOng tu xet mat phSng (SCOC’) x (SAB) = SN. 
ON O C' 


Xet ASNCthi: 


Titong tu ta co: 


CN 

OP 


SC 

OB' 

SB 


( 2 ) 

(3) 


BP 

Ta cln chung minh: 

OM ON OP , .. 

-+-+-= 1 o (dpcm) 

AM CN BP 
That vay: 

Chung minh bo de: Cho A ABC, 
dic?m O bat ky trong tarn giac 
AO x BC = M; BO x AC = P; CO x AB = N 

„ , . , OM ON OP , 

Chung minh:-+-+ — = 1. 

AM CN BP 


OM 

s 

_ °ABOC 

AM 

^AABC 

OP 

s 

_ ^AAOC 

BP 

Q 

^AABC 

ON 

s 

AAOB 

CN 

^AABC 


OM ON 
AM + CN 


OP 

BP 


S + S 

°ABOC T ^AAOC 



'AAOB 


= 1 . 


A ABC 


Hai 207. 

MN//AB’ ma AB7/DC’ => MN//DC’ (1) 

Xel hinh binh hanh ABC’D’:thi mat phSng // BC’ (2) 
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=> P, chda AC’ va MN di qua CV/B’C’ 

Dung (P 2 ) chiia BA’ va (P 2 )//B’D’ 

=> P 2 chura BA’ va BD//B’D\ 

KG = (P,) n (P 2 ) 

Chung minh: 

KG//B’D’ va KG x BA’ (vi thuoc mat phAng (BDA’) = (P 2 ) 
KG x AC ' vi KGg(AMN) = (P,) 

Bien luan: Bai toan c6 mot nghiem hinh 
Bai 209. 

a) Gia sir PQ dung duoc: 

PQ//BM, P e AS; Q e CN 
Vay mat phAng (AS, PQ) x (ABC) = Ax; Ax // B 
mat phlng (CN, PQ) x (ABC) = Cy; Cy // BM 

f chiia AS 

Vay PQ la giao tuyen cua mat phang a 


Mat phing P 


a//BM 
chiia CN 
[P//BM 



Tim giao tuyen do: 

Ax xCB; R e (SBC) o (a) x (SBC) - SR => CN x SR = Q 

Va QP// Ax; PQxSA = P 

Vay PQ can tim. 

b) Xet trong ASRCco:SC=l. 

Vi BM trung tuyen nen CB = BR = 1; SB = 1. 

Vay A SRC vuong a S, C = 60°; R = 30° 

Vi N la trung diem cua SB CN _L SB va SCQ = 30° . 

=;• SQ = -L; SR - 75 ; BM - — => AR = \/3 
V3 2 


Xet trong ASAR ta co: 


pq = sq o TO = Z^^pq,^ (cSn 

AR SR & V3 3 


tinh). 


Bai 210. 

Theo gia thiet: M e AC,; N € 6,0,; MN//A.D 

AC, va B,D, cheo nhau nen MN !a giao tuyen cua 2 mat phing a, P. 
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chura AC, 

(a)//A,D 
:=> (a): chtia AC, va C,C : //A,D, 


Mat (a): 


Mat (p): 


fchtfa B,D, 
j(P)//A,D 


=> (P) chira B^, va D,D 2 //A,D. 

AC, x CD, = I => I e (a) va I g (P). 

Trong mat phang (BD,D 2 C)//A1D. 

Tir I ke IN//CB, cat B,D, tai N => C,N = C,I va INxC.A = M => MN 


can tiin 


Va 


MC, 

MA 


C,N _ C,I 
NA, ~ AI 


]_ 


(Ti so can tim) 
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PHAN 5. PHEP CHIEU SONG SONG 


A. Kien thuc co ban 

L Dinh nshia phep chieu sons sons 

Cho mat phing P va ducmg th&ng 1 ck mat phing P. Vdi m6i diem M 
trong khong gian, ducmg thing A di qua M. (A) // I hoac A = 1; A cat P tai 
M\ Vdi diem M’ e P .nhu tren goi la hinh chieu song song cua diem M 
mat phing P theo phuong 1. 

Mat phing P goi la mat phing chieu 

Ducmg thing 1 goi la phuong chieu. 

Chii y; 

Cac diem thuoc 1 co hinh chieu la diem giao cua 1 vdi (P). 

Cac di^m thuoc mat phing P co hinh chieu la chinh no. 

M’ goi la anh cua M qua phep chieu theo phuong 1. 

II. Titih chat . 

1. Xet cac ducmg thing, tia, doan thing khong song song hoac trung v6i 
phuong chieu. 

a) Hinh chieu song song cua mot ducmg thing la dirong thing. 

Hinh chieu song song cua mot tia la mot tia 

Hinh chieu song song cua mot doan thing la mot doan thing 

b) Hinh chieu song song cua hai ducmg thing song song la hai ducmg 
thing song song hoac trung nhau. 

2. Hinh chieu song song khong lam thay d6i ti so hai doan thang song 
song hoac hai doan thing cung nim tren mot ducmg thing. 

III. Hinh bieu dien cua mot hinh khong gian. 

1. Hinh bieu diln cua mot hinh H trong kho..^. gian la hinh chieu song 
song cua hinh H len mot mat phing hoac la hinh dong dang vai hinh c hieu 
do. 

2. Hinh bi6u di6n cua mot so hinh thucmg gap: 

a) Mot tarn giac bat ky co the coi la hinh bieu dien cua rnot tarn giac luv y 
(co the tarn giac deu, tarn giac can, tarn giac vuong). 

b) Hinh binh hanh bit ky bao gio cung co the cot la hinh bieu di6n ntot 
hinh binh hanh tuy y cho trudc (co the la hinh chu nhat, hinh thoij. 

c) Hinh thang bat ky co the coi la hinh bieu dien ciia nivot hinh thang tuy y 
cho truac vai ti so hai day cua hinh bieu di6n bang ti so hai day hinh da cho. 

Chu y: 

Hinh thang khong the coi la hinh bieu dien mot hinh binh hanh 

d) Nguoi ta dung clip de bieu di6n hinh tron. 

B. Bai tap 

/. Bai tap mdu. _ 

r Dqtuj 1: (JJe fusih hieu dien o n a me t hinh Jfi cho in toe. I 
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Phirang phap giai: 

Xdi dinh cue yen to due hiet cua hinh H 
Yen to song song cua hinh H 
Yen to song song cua phtfcmg chieu. 

Xdc dinh ti so diem M chia doqn AB. 

Tat cd yen to song song, ti so cue doqn thdng duac bdo dam qua phep 
chieu. 

Bai 211. Cho tarn giac ABC, hay chon mat ph&ng chieu P va phirang 
chieu I de hinh chieu cua A ABC tren mat phdng P la: 

a) Tam giac can 

b) Tam giac deu. 

c) Tam giac vuong. 

Giac 

a) Qua BC dimg mot mat phdng P khong di qua A. 

Trong mat phang P dimg tarn giac can BCA,. 

Chon phirang 1 = AA, <=> AABC :r> AA,BC can voi phuong chieu AA, va 
mat chieu la (P). 

b) Vai canh BC chon A( sao cho A A,BC deu. Phuong an chon AA, thi 
A AJ3C —> A, BC deu. 

c) Vai canh BC trong P cho A,” sao cho A”,BC vuong a A,” => A ABC —> 
A,”BC theo phirang AAC va mat phing chieu P. 

Bai 212. Ve hinh chieu tu* dien 
ABCD len mat phAng P theo phirang 
AB (AB khong song song vai (P)). 

Gjai. 

Phirang 1 = AB nen AB co hinh 
chieu la giao cua duong AB vai (P) 
dodo ABn(P) = A =B 

C co hinh chieu C’ 

D co hinh chieu D’. 

Vt)y tir dien ABCD co hinh chieu theo phirang AB len (P) la A A’C’D’. 

Bai 213. Cho AABC co hinh chieu song song la AA’B’C’. Chimg minh 
trong tarn G cua A ABC co hinh chieu la trong tarn G’ cua AA’B’C’. 

Giai 

Goi M la trung diem cua BC. Hinh chieu 
cua M la M\ M’la trung diem cua A'B’ 

G e AM G' e A M' 

GM 1 A GM' 1 

—— = — nen-= — 

GA 2 GA 2 

Vay G’ la trong tarn cua AA’B’C’. 
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Bai 214. Ve hinh chieu hinh hop ABCDA,B,C,D, len mat phing P theo 
phuong chieu AC,. Vdri dieu kien (P) khong song song AC’. 

Gidi. 

Goi O la tarn hinh hop. 

Xet mat phing P chiia C„ phuong chieu AC, => A, O, C, co hinh chieu C,. 

B,OD co hinh chieu theo phuong AC, => B,’D’ nhan C, larrr trung diem. 

A,OC co hinh chieu theo phuong AC, => A,’C’ nhan C, lam trung didrn. 

Tir (1) va (2) do B,A,//CD =* A,’B,7/CD\ 

BOD, co hinh chieu theo phuong AC, => B’D,’ nhan C, lam trung di£m. 

Khi do B,B7/D,D’. 

Vay hinh chieu la luc giac B/B’C’D’D/A,’. Luc giac co cac cap canh doi 
song song vdri nhau va bang nhau. 

//. Bai tap tu gidi. 

Bai 215. Trong cac menh d& sau menh d & nao dung? 

a) Hinh chieu song song cua hai ducmg thing cheo nhau co the song 
song vdri nhau. 

b) Hinh chieu song song cua hai dudng thing cheo nhau thi song song 
vdri nhau. 

c) Hinh chieu song song cua hai duong thing cit nhau co the song song 
vdri nhau. 

d) Hinh chieu song song cua hai duong thing song song co th£ cit nhau. 

Bai 216. Hinh chieu song song A ABC bien thanh chinh no khi: 

a) Mat phing chura A ABC song song voi mat phing chieu. 

b) Mat phing chiia A ABC song song vdri phuong chieu. 

c) Mat phing chda A ABC trung vdri mat phing chieu. 

d) Co hai diem thudc mat phing chieu (P). 

Bai 217. Cho hinh hop ABCDA’B’C’D’ tren AA\ BC lin lupt liy ca c 
diem M, N khong trung vdi dinh hinh hop tren. Liy diem PeC'D'. Dung 
thi6t dien khi cit hinh h6p ABCDA’B’C’D’ voi mat (MNP). 

Bai *218. Cho hinh hop ABCDA’B’C’D’ lay M, N khong trung voi dinh 
hinh hop lin lupt thuoc canh AA\ BC. Trong hinh birh hanh A’B’C’D’ lay 
diem P. Hay xac dinh thiet dien cua hinh hop khi cit bbi mat (MNP). 

Bai 219. Cho hinh hop ABCDA’B’C’D’ cit boi mat phing qua 3 didm M, 
N, P tuong ung thuoc ba mat (ABCD); (ABB’A’); (ADD’A’). Xac dinh thiet 
dien cua mat phing do voi hinh hop. 

Bai 220. Cho hinh hop ABCDA,B,C,D,. Tim I tren duong cheo B,D va 
diem J tren duong cheo AC cua day ABCD sao cho IJ//BC, va tinh ti so 
ID:IBj. 

Bai 221. Cho hai nua ducmg thing Ax, By cheo nhau. Mot diem M thay 
doi tr6n Ax, diem N chay tren By sao cho AM:BN = k cho trudc. Tim t^p 
hop diem I chia trong doan MN theo ti so IM:IN = k. 
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BA I TAP ON TAP CHUDNG II. 

Bai 222. Cac menh de sau, menh de nao dung? 

a) Hai dudng thing cheo nhau thi khdng co diem chung. 

b) Hai dudng thing khong co diem chung thi cheo nhau. 

c) Hai dircmg thing khong co diem chung thi cheo nhau. 

d) Hai dircmg thing nim trong hai mat phing thi cheo nhau. 

Rai 223. Cac menh 66 sau, menh de nao dung? 

a) Hai dircmg thing song song vdi hai mat phing thi song song vdi nhau. 

b) Hai dircmg thing cheo nhau thi khong nim trong mot mat phing. 

c) Hai mat phing cung song song vdi mot dircmg thang thi song song 
vdi nhau. 

d) Hai dircmg thing song song vdri nhau, mot dircmg thing cit mot trong 
hai dircmg iy thi cit dircmg kia. 

Bai 224. Cac menh de sau, menh de nao sai? 

a) Hai mat phing khong song song thi cit nhau. 

b) Hai mat phing phan biet song song vdi mat phing thur ba thi song 
song vdi nhau. 

c) Tap hop cac dudng thing di qua mot di£m va song song vdi mot mat 
phing la mot mat phing song song vdi mat phing da cho va di qua diem ay. 

Bai 225. Cho tu dien ABCD, mot diem M e AB, ^5. - x . Qua M dung 

MA 


mat phing song song vdi AD va BC mat nay cit tu dien theo mot thiet dien. 

a) Chumg minh thiet dien la hinh binh hanh. 

b) I, J Ian luot la trung diem BC va AD. Tim giao diem cua IJ vdi thiet dien tai 
K, Tim ti soKI.KJ? 

Bai 226. Cho hinh chop SABCD, day la hinh binh hanh, mat phing P lan 
luot cit SA, SB, SC tai A’, B\ C\ 

a) Hay tim giao 6\im D’ cua (P) vdi canh SD. 

b) Goi O la giao diem cua AC va BD, I la giao diem cua A’C’ vdi SO. 


Chtrng minh ring: 
c) Chung minh: 


SA SC 2SO 

SA 7 * sc ^sT 

SB SD 2 SO 

sb 7 * sd t ~ - sT 


Bai 227. Cho hai hinh binh hanh ABCD; ABEF nim trong cac mat phing 
khac nhau, lay M, N lan luot thuoc cac dudng AC, BF sao cho MC = 2AM, 
NF = 2BN. Ke qua M, N cac dudng thing song song vdi canh AB, chung cit 
cac canh AD, AF lan lucrt tai M„ N,. 

a) Chung minh MN // DE 

b) Chung minh M,N, // (DEF) 

c) Chung minh (MNN,M,) // (DEF). 
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Bai 228. Cho hinh chop SABCD, ABCD la hinh binh hanh. M, N, P 14n 
lirot la cac trung diem cua cac canh AB, AD, SC. 

a) Dung thiet dien tao bai mp(MNP) va hinh chop SABCD. 

SB SD 

b) Mat piling (MNP) c&t SB, SD \in luot tai B„ D,. Hay tfnh: —- va —-. 

SB SD 

Bai 229*. Cho tu giac ABCD (AC canh chung cua hai tam giac ABC va 
ACD, thuoc hai mat ph&ng). M, N, P, Q la cac di£m theo thu tir n&m tren 
canh AB, BC, CD, DA. 

Neu =- = =■ va =• = ==■ thi MP va NQ cat nhau. 

MB PC NC QD 

Bai 230. Cho tu dien ABCD c6 dinh. Git tu* dien do bcri mdt mat phing 
sao cho thiet dien tao thanh mot hinh binh hanh. 

a) Co may loai mat ph^ng nhu vay. 

b) Xet vi tri mat ph^ng cdt tu dien duoc thiet dien la hinh thoi. 


III. Hu&ns ddn giai. 

Bai 215. a) 

Bai 216. c) 

Bai 217. 

Dung phep chieii song song theo phirong AA’ de tim giao cua (ABCD) v(ii Ml > - 
PP7/AA’ vdi P'eCD 
=> (AA'D)x(ABCD) = P'a 

PM x P’ A = I => PM x (ABCD) = I 

Vay (MNP) cat (ABCD giao tuyen IN 
IN x AB = R => RN x CD = J 
vay (MNP) cat (DCC’D’) giao 
tuyen JP. 

JP x CC' = L 

RM la giao tuyen cua (PMN) vdi 
(ABB’A’) 


RMxB'A' = E. PE la giao tuyen cua 
mat (PMN) vdi (A’B'C’D’) 

PE x A ' D ' = k 

Luc giac RNLPKM la thiet dien. 

Bai 218. Giai tucmg tu bai 217. 

Bai 219. Cho ABCDA’B’C’D’ 

Xet NP giao vdi (ABCD) 

Dung hinh chieu song song theo AA’. 

P co hinh chieu P,; N co hinh chieu N, 

=> N,P, x NP = !=>! = NP x (ABCD) 
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Vay (MPN)x (ABCD) = IM 

=> IM x AD = L; IM x CB - J; IM x CD = R 

Vay: (MPN) x (AA' D' D) = LP => LP x AA' = K 

(MNP)x(AA' B'B) = KN => KN x BB' = X 

(MPN)x(BB'C'C) = JX => JXxCC'=Q. 

Vay thiet dien la ngu giac QRLKX. 

Bai 220. Tirong tu bai 210 

Bai 221. 

OA 

Goi O diem chia trong AB: -= k 

OB 

V5 Ox’//Ax; OyV/By 

Xct phep chieu song song phirong AB len x’Oy’ 

^ ^ khi do MN x M' N 1 = I can tim. 

N —» N' 

JN ^ NN' OB 1 IM _ 

1 IM' IM MM' ~ OA ~ k ^ IN _ 

IM' OM' IM , 

IN' ON 1 IN' 

VAy I n&m tren phan giac goc x'Oy'. 

Bai 222. a). 

Bai 223. b). 

Bai 224. a). 

Bai 225. 

a) Turn thiet dien di qua M e AB va song song AD va BC. Chiing minh 
thiCt die:n hinh binh hanh. 

That vay qua M dimg: 

MF// AD va F e DB. MN//BC va N e AC. 

Tit F dung FE//BC, E e DC. 

Vay ltd giac MNEF la thiet dien. 

MNEF la hinh binh hanh vi: 

MN///BC, EF//BC => MN//EF (1) 

MF/// DA o ( MFN) x (ADC) = EN 
OEN//MF (2) 

Tit (1 ) va (2) suy ra MNEF la hinh binh hanh. 

b) Quia IJ dung mat AID. B 

(AID)x(BDC) = DI <=> DIxEF = G (3) 

(AID)x(ABC) = AI <=> AIx MN = P (4) 
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Tif (3) va (4) => (AID) x (MNEF) = GP 

K\ PI 

vay GPxIJ = K va GP//AD-=} —= — 

KJ PA 

Bai 226. 

a) A’ e SA; B' e SB; C’ e SC 
Noi A'C'x SO = I 
Noi B' I x SD = D' (can tim) 

b) Xet A SAC 
Ke AE//A’C’ 

Ke CF//A’C’ 

T , SA SE SO + OE 
Ta co: -= — =- (1 


SA 

SE 

SO + OE 

(1) 


■ — - 


SA' 

SI 

SI 

SC 

SF 

SO-OF 

(2) 

SC’ 

~ SI " 

SI 



Ma O la trung diem AC nen OE = OF 
SA SC 2SO 


SA’ SC' 

, . , SB SD 2 SO 

SB' SD' SI 

Xet ASBD (Chtrng minh tuong tucau 2). 
Bai 227. Tucmg tu bai 199. 

Xet A ADF 

Trong A ADC ta co: M,D = 2MA (i) 

Trong A ABF ta co: N,F = 2N,A (2) 

Tu (1) va (2) => M,N, //DF => M,N,//(ADF) 
Mat phinglMM^^) va mat phang (DEF) 
Co': 

M, N,//DF 

N. N//EF , . , 

1 v/K/r\yrKTXT\// / rMT 1 \ 


M,N, xN,N 
DFxEF 


(MM, N, N) // (DEF) 


Bai 228. 

a) (MNP)x (SBC) = PI co' diem 
chung P va MN x BC = I; PI x SB = B, ^ 

Tirong tu: MN x DC = I; JP x SD = D, 
Vay thiet dien: MB,PD,N. 

b) Xet ASIC, B e Cl, B la trung diem; 

P e SC, P la trung diem 



PI x SB = B, => B, la trong tam A SIC 


Tifcfng tu thi D, la trong tam ASJC 


SB 3 
SD, 2 


SD 3 

Bai 229. Van dung bai mat phang song song 
_ . , MA PC NB QD , . 

Gtfi y: -.-.-.-= 1 o MNPQ thuoc mot mat phang => 

MB PD NC QA ' 

MN x PQ hoac MPxNP. 

Bai 230. 

a) Liiy mot diem M e BC, dung mot mat ph&ng di qua M song song AB 
va CD thi co thiet dien MNEF. 

MN//AB (vi (MNE)//AB, EF//AB) 

MF//CD, NE//CD 
=> MNEF la hinh binh hanh. 

b) Goi AB = a; CD = b (vi tu dien ABCD co dinh) 

Goi MN = x. Tim vi tri M de hinh binh hanh MNEF la hinh thoi, nghla la 
MN = MF = x 
^ x . CM 
a CB 

x BM BC - CM CM _ x 
b ~ CB " CB ’ CB " a 


x , x Ml 

— = 1-o X —+ — 

b a V b a 


1 <=> x = 


a + b 
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ChiMig 3 .. VECHf TRONG KHONG GIAN. 
QUM HE VUONG GOC TRONG 
KHONG GIAN 


Ph2n 1.VECT0 TRONG KHONG GIAN 


A. Kien thifc c of ban 

/. Cdc dinh nsfiia 

1. Vector, gia va do dai cua recto. 

- Vector trong khong gian la mot doan thing dinh hirdng, do la mot 
doan thing chi ro diem dau va diem cuoi. 

- Gia cua vecta la dirdng thing di qua diem dau va diem cuoi cua vecto. 

- Hai vecto cung phuong neu gia cua chung song song hoac trung 
nhau. 

- Hai vecto cung phirong co the cung hirdng hay ngupc hurdng. 

- Hai vecto nim tren hai gia khong song song vdi nhau thi goi la hai 
vecto khong cung phoong. 

- Do dai vecto la do dai cua doan thing co hai diu miit, diem dau va 
diem cuoi cua vecto. 


- Vecto co do dai bing 1 goi vecto don vj. Kf hieu do dai vecto 


AB: 


AB .Vay: 


AB 


= AB. 


2. Hai vector bun# nhau. 


- Hai vecto a = b o 




a va b cung hirdng 


Vecto 0 khi diem dau va diem cuoi trung nhau. 


- Vdi moi diem A tuy y: AA = 6 Jo 


0 . 


II. Cdc phep todn vecta. 

/. Phep comi vecta. 

a) Dinh nghla: 

Cho hai vecto a, b. Trong khong gian lay mot diem A tuy y. Ve 
AB = a, BC = b. Vecto AC goi la tong cua hai vecto a va b. 

Ki hieu: AC = AB + BC = a + b. 
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b) Tinh chat: 

a 4 b = b 4 a (tinh chat giao hoan) 
a 4 b 4 c = a + (b 4- cJ (tinh chat ket hap) 


()4a = a + 0~a 

c) Cac quy tac cong hai hay nhieu vecta. 

* Quy tac turn gidc: Cho 3 diem A. B, C bat ki to co: 


AC = AB + BC 
AB = AC 4 CB 


* Quy tac hinh binh hanh: ABCD Id hinh binh hdrih: AB 4 AC — AD 

* Quy tac hinh hop. 

Cho hinh hop ABCDA’B’C'D’ Cac vecta: AB, AD, AA' dudng cheo 

AC’ cung chung dinh A. Khi do: AB 4- AD + AA' = AC'. 

* Md rgng quy tac 3 diem trong khong gian: 

Cho n diem: A„ A 2 ,..., A n bat ki: A, A 2 + A, A 3 4 ... 4- A n _, A n = A, A n . 

2. Phcp uluin vecta vdi mot so thuc k. 

Dinh nghia: 

Cho so thuc k * 0 va a^O. Tich cua so thuc k vdi vecta a la mot vecta. 
Ki hieu: ka 


Vecta ka cung hirdng vdi a khi k > 0 
Vecta ka nguac hirdng vdi a khi k < 0 

i -I , ,i-i 


ka 


Tinh /'hut* 


a 


Vdi moi vecta a , b va moi so m, n ta co: 
m(a -f bj = ina 4- mb 

(m f n)a - ma + na 

m|naj = mna 


O.a = 0; k.O = 0 
1 .a = a 
-la - -a 

( -a gofla vecta ddi vdi a ). 

3. Pher tn( hai vec ta: a - b la vecta a 4- |~b j 

(a - b la vecta bing vecta a cdng vdi vecta ddi cua vecta b). 
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Chuy: 

a + (-a) = 0 

a — b<=>a — b~Oo-b = -a. 

Ul . Su dons phanz cua ba vector. 

1. Dinh nghia: 

Trong khong gian, ba vecta goi la dong piling neu cac gia cua cac vector 
cung song song vdri mot mat phang. 

2. Tinh chat: 

- Cho ba vector a, b, c trong khong gian, tir mot diem 0 b«ft ki tro»ng 
khong gian ve: 

OA - a; OB = b; OC = c 

- a, b, c dong ph^ng o O, A, B, C cung n&m tren mot mat ph£ng. 

- Neu co mot trong ba vecta la vecta 0 thi ba vecta do dong phang. 

- Neu trong ba vecta co hai vecta cung phirang thi ba vecta do»ng 
phing. 

3. Dieu kien de 3 vecta dong ph^ng. 

Dinh ly 1: Ba vecta a, b, c dong ph4ng khi va chi khi co cap som., n 

duy nh<ft sao cho c = ma + nb . 

4. Phan tich mot vecta theo ba vecta khong dong ph&ng 

Dinh ly 2: Cho ba vecta khong dong phAng a, b, c. Vai mot vecta x 
bat ki deu tim dirge bo ba so m, n, p duy nhat sao cho: x = ma + nb + pc. 


IV. Tich vo htidmg cua hai vecta. 

1. Goc giura hai vecta 

Cho hai vecta a va b trong khong gian. Lay A bat ki ve AE= a, 
AC = b . Khi do trong mat phiing (ABC) ta co goc gitra hai vecta AB va 
AC la goc gitra hai vecta a vab. Ki hieu: (a,b) = (AB, AC) = ABC 

2. Tich vo htrdrng 

Tich vo htrdng cua hai vecta a va b trong khong gian la mdt so thiuc 


dirge ky hieu: a. b. So do dirge xac dinh: a.b 
Neu a = 0 hoac b = 0 => a.b - 0. 


cos(a,b). 


3. Tinh chat: Vdi ba vecta a, b, c trong khong gian va so thirc k *£ 0 
ta co: 
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a.b = b.a 


? ,(b + c) = a.b + a.c 
(ka).b = ka.b 
?.a = (a) 2 



cos 



a.b 





a 


b 


a 1 b <=> a.b = 0 irng dung de chung minh hai dirong thdng vuong goc 
vch n'nau. 


E. Bai tap 
/ Bai tap mdu 

1; (£>ae iftttft oeeto'; ^Dan dung one pfaep Unit eoitg, frit’ iieeiri. 

Phirung phap giai: 

- Sucking c/uy tdc tarn gidc 

- Quy tdc hinh binh hank 

- Quy tdc hinh hop . 

Bai 231. Cho hinh hop ABCDA’B’CD’ chung minh 
AB + AD + AA' = AC' 

ED - DT) - BT)' = BB 1 . 

G ; cli. 

a Xet trong hinh binh hanh ABCD 
AB + AD = AC (1) 

XSt trong hinh binh hanh AA’C’C. 

AC + AA' = AC' (2) 

Tit (1) va (2) => AB + AD + A A' = 

BD-DID-BTV = BD-DT> + D'B' = BD + DB' = BB' (dpcm). 

Bii 232. Cho tur dien ABCD. Hay xac dinh hai diem E va F sao cho: 

AE — AB + AC -f- AD 

AF = A B + AC - AD. 

Gdi. 

TTeo each phan tich vecta theo ba vecto. 

Vc hinh hop co 3 canh AB, AC, AD dinh doi dien la dinh A la diem E 

vi: AE = AB + AC + AD. 

Tleo hinh tren. 
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AB +AC = AN 
AD +AF = AN. 

Qua 3 diem A, D, N ve hinh binh hanh ADNF. F la diem phai tim vi 
AD + AF = AN (Theo quy tSc hinh binh hanh hay: AB + AC = AD + AF 
=>AF = AB + AC-AD 

233. Cho ABCD la hinh binh hanh, diem S bat ki. 

Chung minh: SA + SC = SB + SD. 

Giai. 

Goi O la giao cua AC x BD = O 
SA + SC = 2SO (1) 

SB + SD = 2SO (2) 

Theo quy tac hinh binh hanh 
T£r(l) va (2) => SA + SC = SB + SD. 

YOany 2: Qhutntj minh su {tong pitting eita 3 
Phiromg phap chung: 

— Chung minh a , b , c song song vdi mot mat phang P codinh. 

- Neu co mot recta song song vdi mot trong hai recta. 

Bin 234. Cho 4 diem A, B, C, D khong dong phlng. M e AD sao cho: 

MA = -2MD 

NB = -2NC . N g BC. Chung minh MN, AB, DC dong phing. 

Gidi. 

Cdch 1: Xet tur dien ABCD. 

Qua N dung mat ph4ng P song song vdi AB, DC 
(P)x BD = E; (P)xAD = M' . 

Thi NE//CD; EM//AB (vi (P)//AB va 

(P)//DC) 

NC ED „ ED M D 

=>-=- ma-=- 

NB EB EB M’A 

Vi NB = -2NC o M r A = -2M T D (*) 

Dieu nay chirng to: M = M' hay MN//(P) 

Vay: AB, CD, MN song song vdi mat phang P. 

Cdch 2: Ve mat phSng (a) chua AB va (a)//CD. (a) x (BCD) = Bx 

Trfen Bx lay diem P sao cho BP = CD .Hinh BCDF la hinh binh hanh. 

Ke NE//CD//BP. 
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Xet mat phSng (MNE) va mat phSng (a) co: 

NE//BP vi BCDP la hinh binh hanh => DE = NC, PE = NB 


NB = -2NC o 


1 NC 


InbI 2 NB |ma| EP 


Til (2) =>ME//APo(MNE)//(a)=>MN//(a). 

Vay AB, CD, MN song song voi mat phang a thi AB, CD, MN dong phSng. 
Bai 235. Cho hinh hop ABCDEFGH, goi I la tain cua hinh binh hanh 
ABFE va K la tarn hinh binh hanh BCGF. Churng minh BD, IK, GF dong 
phing. 

Giui. R_C 

Cach I: 

Xet mat phang (EFGH) chua y / ; K*-' / 

GF (1) p/_ j j 

Vectcf IK co gia IK//EG e F) 'q 

(EFGH) 7 /p' . . y 

Vi xet A BEG thi IK dubng / /' / 

1 V 1 / ' / 

trung binh ;/ / 

=> IK //(EFGH) (2) E^- fa 

BD co gia BD mi BD//FH => BD//(EFGH) (3) 

Vay ttr (1), (2) va (=> GF, IK, BD d6ng phing. 

Cdch 2: 

BD = BC + CD 

= -GF + CA + AD = -GF - 2IK + (-GF) o BD = -2GF - 2IK (*) 

(*) ChuTjg to 3 vector BD, GF, IK dong phing. 


r 0 qng 3: fling dung tieir nn htf&ng tie Unit <Trt dai etta met itoqn 
thang , ti'nh gee giua hat - ft tong thang ,, gee giua hai oeelrt, ehung 
minh hai ifttattg thang tuten g gee otfi ah an. 
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Bai 236. Cho ABCD la hinh chir nhat, m6t diem M tuy y. Chirng minh 
rang: 

a) MA.MC = MB.MD 

b) MA 2 + MC 2 =MB 2 +MD 2 . 

Gidi 

Dang toan bai 236 la chirng minh hing ding thirc. 

Pinsong phap 1: Dung cac phirong phap sau: Bien ve trai (bien doi tuomg 
dirong)ve ve phai 

Phuong phap 2: Bien ve trai ding thirc thanh bieu thirc A; Bien ve phai d;ing 
thilc thanh bieu thirc A. 

Gidi. 

a) Diing phuong phap 1 : 

MA.MC = (MB + BA)(MD + DC) 

= MB.MD + MB. DC + BA.MD + BA.DC 
= MB.MD + PdB.DC + BA.MC 
- MB.MD + MB.DC + BA(MB + BC) 

= MB.MD + MB. DC + BA. MB + BA.BC 
= MB.MD + MB(DC + BA) + 6 = MB.MD (dpcm) 
h) Goi O la trong tarn ABCD 
MA + MC = 2MO 

MB + MD = 2MO 
<=> (MA + IVTC) 2 = (MB + MD) 2 

o MA 2 + MC 2 + 2MA.MC = MB 2 + ME) 2 +2MB.MD 

Theo (1) thi MA.MC = MB.MD nen MA 2 + = MB •( MD 2 

(dpcm). 

Bai 237. Cho hinh lap 
phirong ABCD.A’B’C'D’ canh 
bang a. Goi O la tarn hinh 
vuong ABCD va S la mot diem 
sao cho 


OS = OA + OB + OC + OD + OA 1 + OB' + OC' + OD'. 
Tilth SO theo a. 

Gidi. 

Goi O’ la tarn cua A’B'C’D': 
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OS = OA + OB + OC + OD + OA' + OB' + OC' + OD' 

Via OA + OC = 0 
OB + OD = 6 

OA + or' = 200' 

OB' + OD = 200 


OS - 400 <=> 


OS = 41001 = 4a 


Bai 238. Trong khong gian cho ba diem A, B, C. AB = a, AC - b, BC -a. 


(aB.AC) = 60°. 


Tmh 

nidi. 

I AB - AC 


AB-AC 


AB +AC 


= AB + AC' - 2AB.AC = c 2 + b 2 - 2cb. = c 2 + b 2 - cb 


AB + AC 


= c 2 + b 2 - cb 


Vay: 

AB - AC| = Jc 2 +b 2 - cb 

I 

AB + ACl = Vc 2 + b 2 - cb . 

I 


//. Bai tap tugidi 

Bai 239. Cho hinh chop SABCD. 

a) ABCD la hinh binh hanh khi va chi khi: SA + SC = SB + SD. 

b) Goi Q la giao diem hai dufcmg cheo AC va BD. Chung minh ABCD la 

hinh binh hanh khi va chi khi: SA + SB + SC + SD = 4SO 

Bai 240. Cho hinh hop ABCDA’B’C’D’, cac trung diem cua cac canh 
AB, BB\ B’C\ C’D\ D’D DA lan ltrat la M, N, P, Q, E, F. Chung minh 
MNPQEF dong phSng. 

Bai 241. Cho tu dien ABCD. Tim G sao cho GA + GB 4- GC + GD = 0. 
(G goi la trong tarn cua tur dien ABCD.) 

Bai 242. Cho hinh lang tru ABCA’B’C’. Goi I va V lan luot la trong t&m 
cua A ABC, AA’B’C'. O la trung diem IF. 

a) Chung minh: OA + 08 + OC + OA' + OB’ + OC = 6. 

b) Goi G la trong tam tu* dien ABCC\ M la trung di£m A’B\ 
Chung minh O, M, G thing hang. 

„ OM 

c) Tim ti so: -. 

OG 
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Bai 243. Cho hinh hop ABCD.A’B’C’D’ co: AA' = a, AB = b, AC = c . 

Bieu thj cac vector AD, A'CB'D, BD' theo cac vecta a, b, c. 

Bai 244. (De thi DH 62/Va). Cho tu dien ABCD va mat ph&rag P. 

Tim M e (P) sao cho: MA 4- MB 4- MC 4- MD dat gia trj nho nhat. 

Bai 245. Cho hinh lap phirong ABCDA’B’C’D’. Goi M, N lSn luxqt la 
trung diem cua AD va BB’. Chung minh MN J_ AC . 

Bai 246. Cho tur dien ABCD. Tim diem 0 sao cho 

OA 4- OB 4- OC 4- OD = 6. Chung minh O la diem duy nhat. 

Bai 247. (De 101/Va) Cho hinh 6 canh d£u ABCDEF. Hay bieu di&n cac 

vecta: AC, AD, AF, EF qua cac vecta: u = AB, v = AE. 

Bai 248. Cho A ABC, A’, B\ C’ lan lirat trung diem cua BC, CA., AB. 

Hay tmh: BC.AA' 4- CA.BB' 4- AB.CC. 

Bai 249. (De 114/Va) Cho hinh lap phirong ABCDA’B’C’D’ canh ai. Goi 

P, Q la cac diem xac dinh bdi: AP = -AD'; C'Q = -C'D . 

a) Chung minh r^ng PQ di qua trung diem M cua canh BB’. 

b) Tmh do dai theo PQ. 

Bai 250 (De 121/Va) Cho hinh hop ABCDA’B’C’D’. Goi P, R Ian luort 
trung diem cac canh AB, A’D\ Goi P’, Q, Q’, R’ lan lirat la giao diern cua 
cac dirang cheo cha cac mat ABCD, CDD’C’, A’B’C’D’, ADD’A’. 

a) Chung minh: PP' 4-QQ* + RR' = 6. 

b) Chung minh trong tarn APQR va AP’Q’R’ trung nhau. 


Bdi tap lam them . 

Bai 251. Chung minh r^ng dien tich A ABC co 



the tmh theo cdngthitic. 


Bai 252. Cho hinh lap phirong ABCDEFGH (AE//BF//CG//DH), K la 
giao diem cua AH va DE, I la giao diem DF va BH. Chung minh: 
AC, KI, FG dong ph^ng. 


Bai 253. Trong khong gian cho ba vecta: a, b, c khac 0. Gia sir co: 


ma + nb 4- pc = 0 vdi m, n, p cac so thuc vcri di6u kien nao cua m, n, p thi a, 


b, c d6ng piling. 

Bai 254. Cho ba tia Ox, Oy, Oz khbng d6ng phiag., dat 
xOy = a, yOz = p, zOx = y. 


Chung minh: cosa 4- cosfi 4- cosy > - 
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Bai 255. Cho hinh hop ABCDA'B’CD’. Ba goc phfing dinh A diu b&ng 
60°. Cac canh cua hinh hop deu bang 1. Tmh do dai cac ducrng cheo. 

Bai 256- Cho hinh hop ABCDA’B’C’D’, M, N l&n lirort thudc CA, DC’ 

sao cho: MC = mMA , ND = nNC 1 , 

a) Xac dinh m de cac dtrcmg MN//BD’. 

b) Khi ay ttnh MN biet: ABC - ABB’ = CBB = 60°, BA = a, BB’ = b, 
BC = c. 

Bai 257. Cho hinh lang tru ABCA’B’C’, goi I, J lan lugt la trung diem 

cua BB’ va A’C’. K la diem thuoc B’C’ sao cho: KC* = -2KB’. Chutig minh 
bon diem A, I, J, K dong phang. 

Bai 258. Cho ABCD, AB’C’D* la hai hinh binh hanh chung dinh A. 

Chung minh: BB’, CC', DD’ dong ph^ng. 

Bai 259. Cho tu dien ABCD, goi G la trong tam A ABC. Chung minh: 

GD.GA + GD.GB + GD.GC - 0 . (Neu bai toan tuong tu). 

Bai 260. Cho tu dien ABCD, lay M, N, P, P thuoc lan luot AB, BC, CD, 
DA sao cho: 

AM = - AB, BN = - BC, AQ = - AD, DP = kDC . 

3 3 2 

Xac dinh gia tri k de M, N, P, Q dong phang. 


III. dan siai. 

Bai 239. 

a) SA + SC = SB + SD oSA- SB = SD - SC o SA + BS = SD + CS 

<=> BA = CD. Dieu nay chumg to: ABCD la hinh binh hanh 
c > SA + SC = SB + SD. 

b) Goi O la giao didm hai dircmg cheo AC va BD ta co: 
SA + SB + SC + SD = 4 SO 

<=> SO + OA + OB + SO + SO + OC + SO + OD = 4SO 
o OA + OB + OC + OD = 0 (1) 


Vi O la giao ducfng cheo: OA = mOC; OB = kOD 
(!)<=>(!+ m)OC + (1 + k)OD = 6 (*) 


Hai vectof OC va OD khong cung phucmg 

_ fl 4 - m = 0 f m — — 1 

nen dang thurc(2) o { o < 

|l 4 - k = 0 [k = -1 


va BD. 

Suy ra ABCD la hinh binh hanh. 


<=> O la trung diem cua AC 
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Bai 240. 

Cach 1: Goi O la tam hinh hop. Ta c6: 

OM = -(OA + OB) (1); 

ON = “(OB + OB'j (2); 

OP = i(OB'-OA) (3); 

2 

OA + OB) (4) 

OE = i(OB + OB^) (5) 

OF = -(-OB + Oa) (6) 

Tir (1), (4) va (6) => OM, ON, OF dong ph&ng. 

Ma OQ = -OM; ON = -OE; OF - -OP 

Vay 6 diem M, N, E, F, P, Q thuoc mot mat phdng. 

Cach 2: 

Xet mat phdng(MNQ) 

Thi (MNQ)x(CC'D’D) = QE vi MN//(CC’D’D) 

(MNQ)x(D DAA') = EF vi EF//(MQ)=> QE, EF s (MNQ) 

Tiromg tir: MF, NP e (MNQ) => M, N, P, Q, E, F thuoc mot mat phing 

Bai 241. 

G goi la trong tam cua tufdien ABCD. Goi trung diem AB la M 
Trung d\im CD la N; goi G la trung diem MN 

Ta co: GA + GB = 2GM ; GC + CD = 2GN 

GA + GB + GC + GD = 2 (GM + GN) 

Ma GM = -GN <=> GM + GN = 6 

. <=> GA + GB + GC + GD = 0. B 

Bai 242. 

a) I la trong tam A ABC <=> IA + IB + IC = 0 
I’ la trong tam A A’B’C’ o I A + I’B + EC 

oi+iA + oi + iB+oi + ic + or’ + FA’+or + rB’+or+rc' 

= 301 + 301' = 6 
vi O la trung diem IF. (dpcm) 
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b) Vi G la trong tarn: 

CJA + GB + GC + GC' - 6 <-> OA + OB - (X : • OC' = 40G 
Taco: 


OA + OB + OC + OC’ + OA' + OB' = 40G + 20M o 40G + 20M = 
Vay OG = -~OM . Vay O, G, M thing hang. 


c) OG = - —OM o = = -2. 

2 OG 

Bai 243. 

ABCD A’B’C’D’ la hinh hop nen: AD = AC + CD + Dr) = AC + CD 


AD = c-b 

A C = AA’ + AC = -a + c 

B r D = ETC + CD = BTB + BC + CD = -a - b + c - b = c - 2b - a 
BD' = BB’ + trA - ’ + /CC' + CIV 

= a- b + A’A + AC + CC' + C"D' = a- b- a + c + a- b = c-2b + a 

Bai 244. 

Goi I la trung diem cua AB, J la trung diem cua CD, 0 la trung diem IJ. 


Ta co: OA + OB + OC + OD - 0 => MA + MB + MC + MD = 4MO 


MO 


nho nhat khi OM 1 (P) => M la hinh chieu cua O len mat phang P. 


Bai 245. 


A'C = AA + AB + BC 

MN = MA + AB + BN 
A 'C.MN = A'A.MA + A' A.AB + 

+AB.MA + AB.AB + AB BN 
+BC.MA + BC.AB + BC.BN 

= A A. BN + AB 2 + BC.MA 

1 , , 1 , _ 

= —a" + a‘ + — a' = 0 . 

2 2 

VSy A'CIMN (dpcm). 

Bai 246. 

Goi I, J lan luot la trung diem AB va CD, O la trung diem cua IJ. 
Ta co: OA + OB + OC + OD = 6. 

Goi O’ diem thoa man: O r A + O'B + O'C + (JD = 6. 

400' + OA + OB + OC + OD = 6 <=>400 ; = OoO'sO. 

Bai 247. 

Goi O la tarn ciia luc giac ddu. 


A D 
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to 








A ACF deu <=> CF la trung tuyd'n cua A ACF 

O AC = AI + IC = — v + — u 

2 2 

AD = AE + ED = v + u 

AF = AE + EF = v + EF = v + CB = v + CA + AB 
= v + u + CA = v + u - (AE + EC) 

= v + u - v - EC = u - ED - DC = u - v - DC 
= u - v + AF = u - v + AI + IF 


- - 1 - 1 - 1 - 1 - 

= U — V H- V -U = — U-V. 

2 2 2 2 

EF = CB = CA + AB = AB-AC = u-j — v + —u ] = - —v- —u. 

\2 2 ) 2 2 

Bai 248. 

Phurcmg huong giai dung quy tSc cong vectcf, quy tic hinh binh hanh 


AA’ = 


AB + AC 


BB = 


BA + BC 


CC = 

f 


CA + CB 


BC 


AB+AC 


V 


+ CA 


f BA + BC N 


( 


+ AB 


CA + CB 


= 0 . 


Bai 249. 

Goi M la trung diem BB’ 

Phuofng huong giai. 

Tim moi quan he giSa MP, MQ. Van dung ABCDA’B'CD’ la hinh lap 


phuang bi^u dien MP qua cac vectcf co diem la dinh hinh lap phucmg. 

Giai. 

a) Cdch 1. 


__ __ t>r>' 

MB' = -MB= — 
2 


BA = B 1 A' = CD = C ’ D' = u 


BB' = CC' = DD' = AA' = v 


BC = B'C' = AD = A'D' = w . 
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AP = -AD' = D'A = D'D + DA P 

CQ = -CD = DC = DD + DC \ 

AD = -v-w n. 

CQ = v - u _ ] 

MP = MB + B A + AP B/ /| \ c /7 

=-—+U-V-W=U-“V-W ; f\ 

2 2 A>. j -4 

MQ = MB' + B'C + CQ / j/ 

1 --- 3 - - B' L 

2 2 / 

Vay MP = -MQ . Suy ra M la trung diem PQ / 

Cach 2: Xet mat ph&ng (PD’Q). / 

(PD'Q)x(CC'D'D) = D'Q / 

1 Q 

D'QxCC' = C" => C'C" = -DD va C"Q = C D' 

2 

(PD'Q)x(AA'B'B) = AM' => AMV/D'Q 
M'C'V/AD'; M'C" = AD' => M'A = CD' 

Xet lam giac PQD' ta co: M A//DQ va M'A//D'Q va M’A= Error!D'Q. 
VAy M' la trung diem PQ => M' = M la trung diem BB' 


/-—f — 3 - 

b) (MP) = u—v- 


—2 9 -2 —2 9 o 

u h— v +w — a~ n—a'-f-a' 
4 4 


ulvlw). 

__-> i7 a 2 _ 

MP =-=> MP = 

4 

PQ| = aVn . 

Bai 250. 

a) That v&y: 

PF = -AD = -BC 
2 2 

QQ' = - DA' = —CB’ 
2 2 


aVp7 

2 


RR '=—D'D = —B’B 
2 2 
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PP' + QQ' + RR' = i(BC + CB' + B' b) = 0 . 

b) Goi G la trong tam tarn giac RQP. 

GD + GQ + GR = 6 

Xet: GP' + GQ’' + GR 1 = GP + PP' + GQ + QQ’ + GR + RR' = 0. 
<=>GP+GQ' + GR' = 6. 

Vay G la trong tarn AP'Q'R' (dpcm). 


Bai tap lam them 
Bai 251. Goi y: 


AB 


AC 


sin(AB.ACj ~ 


AB 


AC 


S = I 

2 

_ 1 _ 

~ 2 

Bai 252. 

Xet mat phing (ABCD) 
id // AB => id //(ABCD) (1) 


AB 


AC 


sin 2 |AB, ACj 


[1 -cos 2 (AB, AC)] (dpcm) A 



FG // AD => FG //(ABCD) (2) 

AC g (ABCD) (3) 

Tir (1), (2), (3) suy ra AC. KI, FG 

dong phing. 

Bai 253. 

Gia sir m, n, p ton tai mot so khac 0 nghla la: m 2 + n 2 + p 2 0 . 

Gia sum*0=>a=-— b - — c, di£u nay chimg to a bi£u dien qua b va c. 

m m 


Suy ra a,b,c dong 

Bai 254. 

L3y tren Ox, Oy, Oz cac diem E,, E : , E 3 sao cho OE, = OE, = OE 3 . 

Vi Ox, Oy, Oz khdng dong phing nen: 

OE, = e,; OE 2 = e,; OE 3 = e, khong dong phing. 

Vay: e, + e, + e 3 9= 6 
(e, +e 2 +e 3 ) 2 > 0 

3e, + 2e, (cosa-fcosP + cosy) > 0 <=> cos a + cos P 4-cosy > (dpcm). 
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Bai 255. 

AC' = AI3 +AA' +AD 

AC’ 2 = AB 2 +AA' 2 +AD 2 - 2AB.AA ; + 2AB.AD + ZAA'.AD = 6AB = 61 2 
AC’ 2 = lS 

AC = A A + A'B' + A D' 

Ma AAT3 = 120°; /WD' = 120° 

A C = lV2 . 

Cac dtfang cheo B'D, BD' each tinh tirang tir. 

Bai 256. 

Oat: BA = a; BB’ = b; BC = c => BA = a; BB* = b; BC = c; 

MC = mMA (gt) 

BM = BC - MC = c - m |MA| = c - m (MB + Ba) 



Vay k =-=> MN =-a + -b + -c 
3 3 3 3 

Tinh: MN " = -(a 2 + b 2 + c 2 + ab + be + ca 
9 ' 
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Bai 257. 

Cdch I: Xet vector AI, AJ, AK . Chifng minh 3 vector c36ng phang 



= AA' + A'C + 2(KA t AB) 


co 3AK = a + c + 2AB' = a + c + 2(a + b) co AK = 3a + 2b + c (3) 


Tir (1), (2), (3) AK = — |AI + AJ j =>A, K, I, J dong phang. 

Cdch 2: Dung thiet dien (AJK) voi ABCA’B’C’. Chiing minh: 



Bai 259. 

Hudrng din giai: GD^GA + GB + GC) = GD.O = 6 (dpcm). 

Bai 260. 

Cdch 1: 

AM = ^ AB (1) 
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BN = —BC => CN = -CB (2) 

3 3 

Tfir(l) va(2) <=> MN//AC. 

Xet (MNQ) x (ACD) = QP' 
de MNPQ thuoc mat ph&ng 

P’sPo QP'//AC PC = -DC 

2 

Hay DP = — DC o k = —. 

2 2 

Cach 2: 

Dat: DA = a; DB = b; DC = c. 



Khi do: 

-— 2 - 2 *- 2 - 1 - -- 1 - 1 - 

MN = —a + — c; MD = —a —b + kc; MQ = —a —b . 

3 3 3 3 6 3 

Cac diem MNPQ thuoc mot mat ph&ng khi va chi khi ton tai cac so m, n 

thoa man: 


MP = mMN + nMQ 


2- lr 

cx> —a — b + kc 
3 3 

2-2 - i- i---- 

= —ma + —me— na—nb vi a, b, c khong dong phang. 
3 3 6 3 


2 1 
— m —n 
3 6 

-I = _i 

3 n ~ 3 

-m=k 

3 


2 

3 


1 1 3 ! 

=> k = —; m = —; n = 1. 

2 4 
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PHAN 2. QUAN HE VUONG GOC TRONG KHONG GIAN 
HAI DLfCfNG THANG VUONG GOC 

A. Kien thirc ca ban 

I. Vecta chi phuang cua duang thang. 

1 , Dinh nghTa: Vector a * 0 goi la vector chi phuang cua dudng thang d 

neu a song song vdi d hoac a trung vdi dudng thing d. 

2. Tinh chat: 

a) Neu a la vecta chi phuang cua dudng thing d thi ka ( k * 0 ) la vector 
chi phuorng cua d. 

b) Duong thing d hoan toan xac dinh neu d di qua diem A da cho va biet 
vector chi phuorng. 

c) Hai dircmg thing phan biet co hai vecta chi phuang ciing phuang khi 
va chi khi hai dudng thing do song song vai nhau. 

//. Gdc giua hai duang thing, 

Gdc giua hai dudng a, b la gdc giua hai duang thing a', b' cung di qua 
diem O va lan luqt song song vai a, b. Kf hieu ^a, b j = f b, a j. 

Xac dinh goc giua 2 duang thing a, b. Lay diem O thuoc mot trong hai 
dudng thing, ve dudng thing di qua O va song song vdi dudng thang con lai. 

Neuu la vecta chi phuang cua dudng thing a va via vecta chi phuang 
cua dudng thing b va (u, v) = a thi goc giua hai dudng thing a va b bang a 
neu a < 90° va 180° - a neu a > 90°. 

III. Hai duang thang vuong gdc vdi nhau. 

1. Dinh nghTaj Hai dudng thing a va b dupe goi la vuong goc vdi nhau 
neu gdc giua chung bing 90° Kf hieu: a _L b hoac b _L a . 

2. Tinh chat I: Neu u va v lan luot la vecta chi phuang cua hai dudng 
thang a va b thi: a 1 b <=> u.v = 0. 

3. Tinh chat 2: Neu mot dudng thing c vuong gdc vdi mot trong hai 
dudng thing a//b thi vuong gdc vdi dudng thing kia. 

B. Cac dang bai toan tu giai 

I. Bdi tap mail _ 

r Dqnq 1: Ghutitj twin It It a! itu’&ntj. fit any ouontj (joe vdi nhau. 

Phuang phap giai: 

De chung mirth hai dudng thang d, _L d 2 trong khong gian: 

Sit dung tinh chat quan he vuong gdc trong mot mat phang. 

Chung minh AB vuong gdc vdi CD khi: AB _L CD = 0. 
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Bai 261. Cho hinh hop ABCDA'B'C'D' ( co AA'//BB'//CC7/DD’) co tat ca 
cac canh bang nhau (cac mat deu hinh thoi). 

Chung minh: 

AC 1 B'D; BD 1 AC; BA 1 1 DC'; BAI CD'; BC i AD; B’C 1 AD. 

Qidi. 

ABCDA'B'C’D' la hinh hop => BD//B’ D’ ma ABCD hinh thoi nen 
AC _L BD AC i_ B'D'. (dirong thAng vuong goc vdi mot trong hai ducmg 
thang song song thi vuong goc vdi dubng kia). 

Tirong tu: AC//A’C'; BD 1 AC => BD 1 A 1 C' (dpcm). 

f BA 7/CD' 

=> DC 1 BA' (dpcm). 

| CD' 1 DC' 

Chung minh tuong tir ta co: B'AICD; BC' 1 A'D; B'Cl AD'. 

Bai 262. Chung minh rang mot hinh tir dien co hai cap canh doi dien 
vubng goc vdi nhau thi cap canh doi dien con lai cung vuong goc vdi nhau. 

Gidi. 


AC = AD + DC; BD = BC + CD 

AC.BD = (AD + DC). (BC + CD) = AD.BC + AD.CD + DC.BC + DC.CD 

= AD.CD + DC.BC + DC CD = AD.CD + DC.BD 
= CD(AD - BD) = CD. AB = 0 
VAy: AC 1 BD (dpcm). 


r PqHQ 2: ZJtnh tjiua hai (TuiUuj Midst tj . 

Phuromg phap chung: 

Van dung tick vo hu&ng cua hai vertex. 
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Bai 264. Cho AABC, AABC la hai tam giac deu co chung canh AB va 
nkm trong hai mat phang khac nhau. M, N, P, Q lan lurgt la trung diem cac 
canh AC, CB, BC, C'A. Chiing minh: 

a) AB1CC’. 

b) Tu giac MNPQ la hinh chu nhat. 


tV6 


; AB = a . 


c) Tfnh dien tich MNPQ biet CC' = 

Gidi. 

a) Xet CC’.AB = (CA + AC).AB = -AC.AB + AC.AB 
Icos60° + 


AC 


AB 


AC! AB 


cos60° 



Bai 265. Cho hinh lap phirong ABCDA'B’C'D'. 

a) Tfnh goc giira hai dirofng AC va DA'. 

b) Chumg minh: BD1AC'. 

Gidi 

a) Dat: AB = a; AD = b; AA ' = c 
a = b = c 

AC = AB + AD = a + b 
D/V = AA' - AD = c - b 


B 

P 



AC.DA' = a.c - ab + be - b 
| AC|. |DA j cos (AC, DA') = 0 - 0 + 0 + -V B' 

|>/2a||V2a|cos(AC,DA') = -a : o cos(AC,DA') = --=> (AC.DA 1 ) = 120° 
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b) BD = BA +AD 
AC 1 = A A' + AC 


BD.AC’ = (BA + AD)( A A ; + AC ’) 

- BA.AA' + BA.A'C + AD.AA' + AD.A 7 ? 

= 0 + BA.A'C' + AD. A ’ C * = ATf'.BD = AC'BD 7 = 0 

BD.AC = 0 <=> B D _L AC. 


II. Bai tap tu eiai 

Bai 266. Cho hinh chop SABC co SA = SB = SC = AB = AC = a va 

BC = a>/2 . Tinh goc giua cac dudng AB va SC. 

Bai 267. Cho hinh hop ABCDAB'CD' (cac mat deu la hinh thoi) co canh 

la a va ABC = B' BA = B' BC = 60°. Chung minh ABCD la hinh vuong. 

Bai 268. Cho hinh chop SABCD co day la hinh thoi, canh SA = AB va 
SA _L BC. 

a) Tinh goc giua hai duong SD va BC. 

b) I, J lan lupt thuoc SB, SD sao cho IJ // BD. Chung minh goc giua AC 
va IJ khong ddi. 

Bai 269. Cho tu dien ABCD co cap canh doi b4ng nhau, trong mat ph^ng 
(BCD) dung tarn giac PQR sao cho BCD la cac trung diem cua QR, RP, PQ. 
Chung minh AP, AQ, AR vuong goc vdi nhau tung doi mot. 

Bai 270*. Chung minh ling neu hai mat phAng song song lan lupt voi hai 
cap canh doi cua tur dien tao voi tur dien cac thiet dien hinh chuf nhat thi mat 
phfing song song vdi cap canh doi thur 3 cung tao nen mot thiet dien hinh chu 
nhAt. 

Bai 271. Cho tu dien ABCD deu goi O la trung diem doan noi A vdi 
trong tam ABCD. Chung minh cac dudng OB, OC, OD vuong goc voi nhau. 
Bai 272. Cho tu dien ABCD thoa man he thiic: 

AB 2 + CD 2 - AC 2 + BD 2 = AD 2 + CB 2 . Churng minh ding cac cap canh doi 
dien cua tur dien vuong goc vdi nhau. 

Bai 273. Cho hinh chop SABCD co day la ABCD la hinh binh hanh. 
AD = 2AB, mat ben SAB la tam giac vuong tai A vdi M thuoc canh AD. Xet 
mat piling a di qua M va song song vdi SA, CD. 

a) Tim thiet dien mat ph^ng (a) vdi hinh chop. 

b) Tinh dien rich thiet dien theo a, b biet AB = a; SA = b va M la trung 
diem cua AD. 

Bai 274. Cho tur dien ABCD. M, N lan lupt thuoc cac dudng thing BC, 
AD sao cho MB = kMC; NA = kND vdi k so thuc. Goi goc giuaMN va 
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BA la a, goc gifraMN va CD la p. Tim md'i quan he gifra AB va CD de 
a = P = 45°. 

Bai 275. Cho tii dien co cac cap canh ddi bang nhau. 

a) Chung minh cac duong noi trung diem cac canh doi dien vuong goc 
v6i canh do. 

b) Chung minh cac duong noi trung diem cac cap canh doi dien ding quy 
va vuong goc vdi nhau timg doi mot. 


Bai tap ttr giai. 

Bai 276. Cho 3 diem A, B, C thing hang va duong thing A. Lay 3 diie’m 
A’, B\ C thuoc A sao cho AA\ BB’, CC deu vuong goc vdri A. Chung minh: 
AB _ A B' 

BC ” B'C'' 

Bai 277. Cho tii dien ABCD co: 

BC = AD = a; AC = BD = b; AB = CD = c; 

(AD,BC) = a; (AC,BD) = p;(AB,CD) = y . 

Chirng minh ring trong ba so hang: a 2 cos a; b 2 cosP; c 2 cosyco rr.ot s6 
hang bang t6ng hai so hang con lai. 

Bai 278. Qio tu di6n SABC co cac mat ASB, BSC, CSA tuong duong co 
tong cac goc phlng a dinh S blng 180°. Chung minh ring cac cap car.h <d6i 
cua tut dien blng nhau timg doi mot. (Chu y: Hai tarn giac tuong ducfrg khi 

co dien tich blng nhau; goc phlng odinh S: ASB = y; ASC = P; BSC = u) 

Bai 279. Cho tut dien ABCD co AB = AC = AD Va 
BAC = 60°; BAD = 60°; CAD = 90° . Chirng minh: 

a) AB 1 CD 

b) Neu I, J ldn luot trung diem cua AB va CD thi IJ J_ AB; IJ _L CD. 


Bai 280. Cho tu dien ABCD: CD = —AB goi I, J, K lan luqt la truing 


diem cua BC, AC, BD cho bi£t JK = — AB . Tinh goc giua CD vdi cac (tirrmg 

6 

IJ va AB. 

III. Hu&ns dan eiai. 

Bai 266. 

Cach 1: 


Xet A ABC ta co goc A = 90° (vi BC 2 = AB 2 + AC 2 ) 
SCAB = (SA + AC)AB 

= AB.SA + ABAC = SA.SB = |a||a| cosl 20°. 
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(Vi (SA.SB j = 180° -120° =60° 

=>(sa,Ab) = I80°-120° =60') 


Cac h 2: 



Tinh goc (SQAB), la goc giura hai diremg tirong ung song song vdri SC va 
AB, do la: (MN,MP). Trong do M, N, P lan lirot trung diem ciia SA, SB, AC. 
Tinh goc hai diremg SC va AB, tinh NMP. 

Xet ASPB c6: SP = ^-1; BP = — 

2 2 

SP 2 +PB 2 = 2PN 2 +^-o —+ —= 2PN 2 + — 

2 4 4 2 

dm"* 3a rvi\.T 

O PN' = — oPN =- 

4 2 

Vay AMPN co: PN = — • MP = MN = - 

2 2 

Tfnh goc NMP : cos NMP = ? 


cos NMP = 


MN 2 + MP 2 - NP 2 
" 2MN.MP 


2 a / a / 
/2V2 


Vay goc SC va AB bang 60°. 

Hai 267. 

Xet AB’BC co BC = BB' =a; 

B T BC = 60° wB'C = BB =B , A => A B’CD la hinh thoi. 
*Chung minh B'CIB'A’ J 

Xet: / 


B'C.B'A' = B'B + BC B 1 A 1 = B'A.B B +B'A’.BC 


2 2 

== BAB 1 B + BA.BC = - — + — = 0 

2 2 

(Chu y goc B'B va BA bang 120°). 
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Bai 268. 

a) BC // AD => goc giua SD va BC la goc SD va AD hay goc SDA . Vi 

SA 1 BC => SA A. AD => ASAD vuong can => SDA = 45° => goc giua SD 
va BC bang 45°. 


b) I g SB; J e SD. IJ // BD. Goc giua 
Vi ABCD hinh thoi nen AC _L BD o AC . 

Bai 269. 

Xet AAQR co QR = 2DC; DC = AB = 

o AAQR vuong a A => AQ J_ AR . 
Tucmg tu: AR 1 AP (dpcm). 


AC va IJ la goc giua AC va BD. 



Bai 270. 

Gia sir tir dien ABCD, mat phang (a) song 
song vai AC va BD tao thanh thiet dien MNPQ 
la hinh chu nhat. 

MN//PQ ma QMN = 90° => AC 1 BD (1) 
Tirong tu AB J_ CD (2) 

Vay theo bai 262 thi AD _L BC. Vay thiet 
dien song song AD va BC la hinh chu nhat. 



Bai 271. 

Xet AAMD co AM = MD = ^ (dudng 
cao A deu). 

Tmh duong cao AAMD thuoc canh MD, 
ducmg cao do chinh AI. 

That v^ty: 

AI = => MI = VMA 2 - AI 2 

3 


C 

A 
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/3a 2 6a" _ ja" _ av3 

\~4 <T ~u 2~~V 
I la trong tarn ABCD. 

av6 i I ■> 3a” a" 

oi = — => OD" = Dr + or = — + — 
6 9 6 

Tiromg tu OC 2 = OB 2 = OD 2 = -a 2 

OC 2 + OD 2 = a 2 => ADOC vuong can (1) 
0C : + OB 2 = a 2 => ABOC vuong can (2) 
Ttr(l) va(2)=> 0B10C10D. 

Bai 272. 


fa” aV3 1 . _ XT 

V12 6 3 


6a' + 3a' 

18 


1 , 

= — a" 

2 


__ ■> - -> 


AB' + CD = AC' + BD- o AB - AC = BD - CD 

o(ab- ac)(ab + ac) = (bd-cd)(bd + cd) 

o CB.2AM = -2DM.BC 

o 2CB (AM - DM) = 0 o CB AD =0o AD i CB. 


Tirong tir: AC 1 BD; AB 1 CD (dpcm). 

Bai 273. 

a) Gia sir mat phang (a) di qua M va song song 
SA va CD nen co giao tuyen MQ//SA 

(a)x(SDC) = QP//CD ma AB//CD => MQ 1 QP 

(vi SA 1 AC) / 

(a)x(SBC) = NP (MN//AB//DC) 

Vay thiet dien la hinh thang vuong MQPN 
vuong o M va Q. 

h) Tinh dien rich (MNPQ) khi M trung diem AD. 

MQ = -SA = -b: QP = — DC = — AB = a; MN = a 
2 2 2 2 

c . 1 f 3 b 1 3 / 

: => \ IK ,„ = — — a.- | = - -ib . / 



v 2^2 2) 8 

Bai 274. 

Ke MP//AB thi de thay NP//CD 

(vi NA = kND; MB = kMC B 

Goc giua MN va BA la goc giCra MN va MP 
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hay goc PMN = a . 

Goc giua MN va CD la goc giua MN va PN. 

Hay goc PNM = P 

=> a = p = 45° o MPN = 90° => AB 1 CD va PN = MP. 

AD AD 

Ta thay — =-= Ikl va AB 1 CD. 

CD CP 1 ! 

AB 

V&y moi quan he giua AB va CD la: = |k|; AB J_ CD . 

Thi goc giua (MN3A) = (MN^CD) = 45° 

Bai 275. 

a) Xet hai tam giac ABC va BDC c6: 

AB = DC 

AC - DB => AABC = ABDC => AM = DM => AAMD cCm tai M 


BC (canh chungj 

=> MN 1 AD . 

Tucmg tu: MN 1 BC. 

V&y MN vuong goc vori AD va BC (dpcm). 

b) Xet tur giac MPNQ ta co: MQ = NP = — AC; MP = NQ = - BD 

2 2 

=> MPNQ la hinh thoi vi AC = BD. Suy ra MN 1 PQvi hai dufrng cheo 
cua hinh thoi. 

Tucmg tir IR la irung diem AC va BD => IR 1 MN => IR _L PQ o giao 
nhau tai O la trung di$m m6i ducmg. 


Bai tav tuziai 

Bai 276. Su dung dinh ly Talet. 

Bai 277. 

___IbclaI 


cos(BC, da) = ■ ■ — Jr 
v } |BC||D\ 

Tmh: BC.DA = BC(dC + CA) = BC.DC + BC.CA = BC.DC - BC.AC 


BC‘+nC'-BD~ BC -t-CA - BA 

2 

a + c -o -a -b“+c“ 7 

-= c“ - b“. 
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2 i 2 2 i 21 

c - b a - b ! 

Vay: cosoc =---; cosP =--— 


a" -c' 


L ; cosy = 


l a coi: a > b > c thi: a"cosa = b“ -c';c"cosp = a' -b‘; b“cosy = a" -c“, 

Khi do: b 2 cosP = a 2 cosa = c 2 cosy . 

Bai 278. 

Ooi y: SA = a; SB = b; SC = c. 

S ABC = — absiny = - bcsina =—acsinp. 

2 2 2 

Chia ca hai ve cho abc. 

since sinP siny 

abc 
Ta chumg minh SA = BC. 

Gia sir: AA'B C co: A = a; B = p*; C = y 

, sina sinP siny 

Theo dinh ly ham sin ta co: -=--- 

a A'C' A'B' 


A'C = b; A B = c => ASBC = A ABC =>BC = B C= a => BC = SA = a; 
Chumg minh tiromg tir ta co: SB = AC = b; SC = AB = c. 

Bai 279. ( Van dung bai 275). 

Bai 280. 


IK = —CD - — AB = — AB 
2 6 3 

JK = — AB 
6 

JI ~ AB 

2 

Tmh: IJ ? + JK 2 = JK 2 = — AB 2 

36 

=> AJIK vuong 6 I oJHCD 
Mat khac IJ // AB =5 AB 1 CD. 
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PHAN 3. Dl/CJNG THANG VUONG GOC \0l MAT PHANG 


A. Kien thufc c a ban 

1. Dtfdng thang cl di/cfc %oi la vudnt> goc_ vdi mat nhang a neu no vuong 
goc yen moi dudng thang trong mat phang a. 

K\ hieu: d 1 (a) hoac a _L d. 

2. Dieu kien de difdng thong. vuonggoc_ vdi mat phang. 

Neu dudng thing d vuong goc vdi hai dudng thing cit nhau nim trong 
mat phing a thi d vuong goc vdi a. 

3. Cap recta chi phuong cua mat phang. 

- a la mat phing xac dinh bdi hai dircmg thing a, b cit nhau va co lan Iirpt 
hai vecta chi phiromg u va v cua hai dircmg thing a va b. Khi do ki hieu 
tap hop [u, v j la tap vecto chi phirong cua mat phing a. 


- Neu vecto u va v la cap vecto chi phuong cua mat a thi u va v phai la 
Vecto khong cung phuong. 

- M6i mat phing co vo so cap vecto chi phuong. 

- Neu u va v la cap vecto chi phuong mat phing a thi cap k u va k v \b 
cap vecto chi phuong cua mat phing a. 

- Mat phang a xac dinh dupe khi biet mot diem thuoc mat phing va biet 
cap vecto chi phuong. 

4. Vecto phdp tuyen cua mat phang 

a) Dinh nghla: Vecto n * Odupc goi la vecto phap tuyen cua mat phing 

a neu gia cua n vuong goc vdi (a). 

b) Tinh chat: 

- Neu n la vecto phap tuyen mat phing a thi k n voi k * 0 la vecto phap 
tuyen cua mat phing do. 

- Neu (a) co cap vecto chi phuong (u,v| va nhan n lam vecto phap tuyen 


thi n.u = 0 van.v = 0 . 


5. Su lien quail gi£g_ ciuan he vuong goc va quan he song sons*. 

Mot mat phing a vuong goc voi mot trong hai dircmg thing song song thi 
cung vuong goc dudng thing kia. 


fa // b 


a 1 (a) 


<=> (a) 1 b 


Duong thing nao vuong goc vdi mot trong hai mat phing song song thi 
vuong goc vdi mat phing kia. 
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jot//(3 
[d 1 a 


^>dip 


- Hai mat phing phan biet cung vuong goc vdi mot dudng thing thi song 
sang vdi nhau. 


(a) J_ d 

<p)id 


(a)//(P) 


- Hai dudng thang phan biet cung vuong goc vdi mot mat phang thi song 
song vdi nhau. 

[d, 1(a) 

, ( d, // d-, 
d : 1 (a) 

6, Phuansi phan -vc/r dinh mot mar yhcinsi vuong xoc vf/i dieting thdnx vd 
nwi dtfdnu than,g vuonx xoc vdi mat plidny. 

- Cho mot diem O va dirdng thing (A), co duy nhat mot mat phing di qua 
O va vuong goc vdi A. 

- Mot mat phing hoan toan xac dinh neu biet mot diem va mot vecta phap 
tuyen cua mat phing do. 

- Qio mot diem O va mot mat phing (a) co duy nhat mot dirdng thing A di 
qua O va vuong goc vdi (a). 

7, Phep chiejj vuonx goc. 

a) Cho d va mat phing a. Phep chieu song song theo phuremg d len mat 
phing a goi la phep chieu vuong goc len mat phing a. 

b) Dinh ly 3 dudng vuong goc: Cho dudng thing a khong vuong goc vdi 
mat phing a, a' la hinh chieu vuong goc cua a tren mat phing a. Khi do 
dudng thing b nim trong mat phing a vuong goc vdi a khi va chi khi b 
vudng goc vdi a' 

a' khong vuong goc vdi (a) 

v ; KhiddblacoblaC 

b e (a) 

c) Goc giua dudng vdi mat phing. 

Cho dudng thing d va mat phing a. 

- Neu d 1 (a) ta noi goc giua d va a bing 90°. 


- Neu d khong vuong goc vdi (a) thi goc giua d va hinh chieu vuong goc 
cua d la 1' len mat phing (a) dupe goi la goc giua dudng thing d va mat 
phing (a). 
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B. Cac dang bai toan tu giai 

I. Bai tap mau __ 

\Oantf 1 : @hu'ntj minh ha! tfa'tiiu/ /ham/ ouotitj t/d<- ad! mat ph tnut/.\ 

Phirong phap giai: 

Chung minh d _l_ (P), thong thitting dung cac each sau: 


Cach 1: 
dlarae (P) 

• dlb:be(P) 
axb 
Cach 2: 

d//b mabi (P) 

Bai 281. Cho hinh chop SABC co AABC vuong a B. SA JL (ABC). Tim 



Bai 282 Cho hinh chop SABCD day ABCD la hinh vu6ng co tarn 0 va co 
SAl(ABCD) . Goi H, I, K lan ltfgt hinh chieu cua A tren cac canh SB, ‘SC 

vaSD. 


a) Chung minh: BC 1 (SAB); CD 1 (SAD); BD 1 (SAC). 

b) Churng minh: SC 1 (AHK) va I e (AHK). 

Giai. S 


a) SA 1 (ABCD) => SA 1 BC vi 

BCe(ABCD) (1) 

AB 1 BC (vi ABCD la hinh 
vuong) (2) 

Tif (1) va (2) => BCl(SAB). 

L4p luStn tuong tu: CD 1 (SAD); BD 



B 
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b) (SCB)l(AH) 

vi AH 1 SB; AH 1 BC => AH 1 SC (3) 

Tuong tir: AK 1 (SCD) 

vi AK 1 SD; AK 1 CD r} AK 1 SC (4) 

Tir (3) va (4) => (AKH) 1 SC (dpcm) 

Vi AUSCva Ae (AKH) oAIe (AHK) (dpcm) 

Bai 283. Cho hinh chop SABCD co day hinh thoi tani O va co SA = SC, 
SB = SD. 

a) Chifng minh SO _L (ABCD). 

b) I, K lan lurat trung diem cua BA, BC. Chirng minh IK 1 SD. 

Gidi. 

a) O la trung diem AC va BD 
Xet ASBD can => SO 1 BD (1) 

(dtfcmg trung tuyen la dirong cao). 

ASAC can => SO 1 AC (2) 

(dtfcmg trung tuyen la dirong cao). 

Tir (1) va (2) => SO l( ABCD) 

(vi SO vu6ng goc vai hai dirang c&t n 
trong (ACBD)). 

b) Ta thay IK//AC (dirang trung binh 
lam giac) 

=> IK 1 BD (3) 

SO 1 (ABCD) <=> SO 1 IK (4) 

Tir (3) va (4) =5 IK l(SBD) 

ma SD e (SBD) => IK 1 SD (dpcm). 

Bai 284. Cho hinh chop SABC trong do SA = AB = SC = a va 
ASB = ASC = 60°; BSC = 90°. 



a) Tinh d6 dai cac canh AB, AC, CA. Chumg minh A ABC vuong. 

b) Goi G la t^m vong tron ngoai tiep S 


AABC. Chung minh SG 1 (ABC) 
Gidi- 

a) ASB - ASC = 60°; SA = SB = SC = a . 

Vay AASB va AASC la tarn giac deu nen 
AB = AC = a; 

ABSC vuong can co canh SB = SC = a 
BC = a-v/2 <=> AABC vuong cf A 








(theo dinh ly Pitago: BC 2 = AB 2 + AC 2 ). 

b) Goi chan duang vuong goc ha tu S xuong (ABC) la: 

G'=> ASAG' = ASBG'=ASCG' => Vay G' each deu A, B, C G‘ = G . 


^Dang 2: Chung mirth hat itu'ong ihatuj on fun/ gde oo'i tthatt thong 
qua ehung minh fhfoug thdrtg d f ououg gde odi mot mat phdng ehtta </.. 

PhuoTig phap giai: 

Chifng minh d, _L d,. Chon mat phdng (P) chifa d 2 . Tim e ach chifng minh (l t 
vuong goc vai (P). 

Thong thudng su dung dinh li 3 duang vuong goc. 

Bai 285. Cho hinh chop OABC cac goc phing tai dinh O deu b^ng 90°. 

a) OH _L (ABC). Chiing minh H la true tarn AABC. 

b) Tim diem I each deu 4 dinh. 

Giui. 

a) De chufng minh H la true tarn AABC can chung minh AH _L BC. 

Can chung minh BC _L (AOH) 

That vay: OA 1 (BOC) => OA 1 BC (1) 

OH 1 (ABC) => OH 1 BC (2) 

Tir (1) va (2) => BC 1 (OAH) oBCiAH 
(dpcm). 

Tuong tir: BH 1 AC; CH 1 AB (vai tro A, B, 

C nhu nhau) 

nen H la true tarn AABC. 

b) Goi E la trung diem BC. 

Ke Ex 1 (OBC) (Ex //OA) va cung phia vai 



OA. 

Goi F la trung diem cua OA. Qua F dung dudng thAng song song voi OE 
cAt Ex tai I. Diem I each deu 4 dinh ABCD. 


Bai 286. Cho mat phAng (P) tarn giac 
ABC deu thuoc mat phAng (P), qua A dung 
d 1 (P), tren d lay M tuy y, dimg mat phAng 

(Q) chufa B vuong goc vai CM, (Q) cAt d tai 
N. Chung minh tu dien BCMN co cac cap 
canh doi vuong goc vai nhau. 

Gicii. 

*Cach tinh (Q): Ha BK 1 MC. Goi B' la 
trung diem AC. 
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BB'IAC 

UBB'i MAC . 

BB'lAMj 

VAy: BB 1 MC 1 mC1(BB'K)=>B , KxAM = N 
BKlMCj 

* Chung minh tu dien MNBC c6 cac cap canh doi vuong goc vdi nhau. 

Ta co: MN 1 BC (vi MN 1 (ABC)) (1) 

va MC 1 (NBK) => MC 1 NB (2) 

Ta can chtfne minh: NC J_ MB . Xet mat phiing chira MB do la mat 
(MBB')- 

BB' 1 (MNC) = (MAC) => BB' _L NC (3) 

Xet trong AMNC thi B’ la true tarn => MB’ 1 NC (4) 

tCr (3) va (4) => NC 1 (MBB *)<=> MB 1 NC (5) 

Tir (1), (2), (5) suy ra MNBC co cac cap canh doi vuong goc vdi nhau. 

Bai 287. Chung minh r&ng tap hop tat ca cac dinh M each deu hai diem co 
dinh AB la mat ph&ng di qua trung diem AB va vuong goc vdi AB. (mat 
phang do goi la trung true AB). 

(iicii 

Goi (P) mat ph^ng di qua O la trung diem AB va vuong goc vdi AB luon 
luon co duy nhat. 

Cioi M each deu AB tuc la: MA- MB=>MOi AB,do tinh duy nhat 
nen MO <= (P). 


//. Bai tap tuziai 

Bai 288. Cho tu dien ABCD co: AB _L CD, AC _L BD . Chung minh r^ng: 

a) Hinh chieu cua mot dinh lea mat doi dien la true tarn cua mat do. 

b) AD 1 BC. 

Bai 289> Cho hinh chop SABC co SA 1 (ABC). Goi H la true tarn AABC. 
K la true tarn ASBC. Chung minh: HK .L (SBC). 

Bai 290. Cho hinh lap phuemg ABCDA'B'CD’. M, N lan luot la trung 
dic'm ciia AB va CD'. Chung minh rang MN vuong goc (CDA'B’). 

Bai 291. Cho tarn dien Oxyz trong do xOy-xOz = 45°, yOz = 60°. 

Tien Ox, Oy, Oz lan lucrt dat cac doan OA = a; OB = OC = a^/2 , Ot la nifa 
dirdng thang vuong goc vdi mat (Ox, O). 

a) Chung minh OA 1 (ABC). 

b) Chung minh Ox, Oy, Ot thuoc cung mot mat phiing. 
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Bai 292. Cho hinh chop SABC, SA = SB = SC, I la trung diem cua canh 
AC, AB = BC. 

a) Chung minh dudmg phan giac ngoai goc ASC vuong goc (SBI). 

b) Phan giac ngoai goc ASC va cac dudrng phan giac trong cua cac goc 

ASB va BSC cung thiioc mot mat phing. 

Bai 293. Cho A, B, C ba diem khong thing hang, tim nhung diem each 
deu ba diem A, B, C. 

Bai 294. Cho tur dien ABCD, AB 1 (BCD), ABCD vuong dr C. Chi'mg 

minh ring bon mat tu dien la nhung tarn giac vuong. 

Bai 295. Chung minh ring neu mat phing (P) va duemg thing a cung 
vuong goc vdri A thi a//(P) hoac a e (P). 

Bai 296. Trong mat phing P cho dudrng trong (C) dudrng kinh AC = 2R. 
Goi H e AC; AH < 2R . Mot dudrng thing (A) di qua H cit dudmg trong (C) 

tai hai diem B va D. Mot diem S co dinh SA _L ( P), SA = h. Mat ph^ng (Q) 

di qua A vuong goc vdri SC cat cac duemg SB, SC, SD, SH lan luort tai B„ C,, 
D„H, 

a) Chung minh AB,C,D, noi tiep. 

b) Dudrng thAng A thoa man dieu kien gi de H, la trung diem cua B,D,? 

c) Dudrng thAng A thoa man di6u kien gi de AB,C,D, la hinh vuong? 

Bai 297. Cho tu dien ABCD co cac canh bang nhau. H la hinh chieu cua 
D 16n miU (ABC). I la trung diem cua DH. Chung minh tu dien IABC co IA, 
IB, IC doi mot vuong goc. 

Bai 298. Cho hinh chop SABCD co day la hinh vuong ABCD canh bing a, SA 
1 (ABCD), SA = a. 

a) Chung minh cac mat ben hinh chop d6u la tarn giac vuong. 
Hay tinh cac canh cua hinh chop. 

b) Mot mat ph^ng di qua A vuong goc vdri SC cA\ SB, SC, SD tai B,, C |t D,. 
Chung to tur giac AB,C,D, co hai dudrng cheo vuong goc vdri nhau. Tinh didn 
tich tu giac do. 

Bai 299. Cho hinh chop SABCD co day ABCD la hinh chu nhat. Goi M, N 
la hinh chieu cua A len SB, SC. Chung minh: SC _L (AMN) 

Bai 300. Cho AABC deu canh a, dudmg thAng Ax vuong goc voi (ABC) tai 
A, lay diem M. Goi O la tarn duemg Iron ngoai tiep AABC, H la true tarn 
AMBC, dudmg thing OH cat Ax tai N. 

a) Chung minh: OH±(MBC). 

b) Tur dien BCMN co cac cap canh doi dien vuong goc vdri nhau. 
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Bai tap tu giai 

Bai 301. Cho hinh chop SABCD c6 day ABCD hinh thang can vai canh 
day AB = 2, CD = 1, hai canh BC = AD - 1, SO 1 (ABC)trong do O la 
trung diem cua AB, SO = 1. 

a) Chung minh rAng diem each deu S, A, B, C, D thuoc dudng SO, tilth 
khoang each tir diem do den m6i dinh hinh chop. 

b) Tinh goc giua SO va (SDC). 

Bai 302. Cho hinh chop SABCD co ABCD la hinh thoi canh bAng a, Canh 

SA vu6ng goc vai (ABCD), SA = a va ABC = 60°. 

a) Tinh SB, SC, SD. 

b) Goi I la trung diem cua SC. Chung minh IB = ID. 

Bai 303. Cho tu dien OABC co OA = OB = OC = a. Cac goc 

AOB - AOC = 60°, BOC - 90°. 


a) Tinh cac canh con lai cua tu dien, tu do suy ra AABC la tarn giac 
vuong. 

b) Chung to: OA1BC. 

Bai 304. Cho tu dien SABC co canh SA 1 (ABC). AABC vuong a B. 

a) Tim hinh chieu cua diem A len mat phAng (SBC). 

b) Tinh do dai cua cac canh hinh chop biet goc BSC = 45° , SA = AB = a. 
Bai 305. Trong mat phAng P cho AOAB vbi OA = OB, AB = 2a, duemg 

cao OH = h,, tren duemg thAng d vuong goc vai (P) tai O lay M vdi OM = x. 
Goi E, F la hinh chieu vuong goc cua A len MB va OB, N la giao cua duemg 
EF vai d. 

a) Chung minh MB 1 NA, MA 1 NB. 


b) Tinh BF, BE theo a, h va x. 

III. Hirons dan zidi. 

Bai 288. 

Chi xet hinh chieu A len mat phAng (BCD), 
cac trudng hap khac tuang tu. 

Goi hinh chieu A len (BCD) la H. 

Ta cd: 

AH 1 CD] ^ , 

> => CD 1 (ABH) => CD 1 BH => BH 
AB J_ CD j v 7 

la duong cao. 

Tuang tu: DH, CH la duemg cao 
BC J_ DH 


H la true tarn 



^ BC 1 AH 

Bai 289. 


BC JL AD (dpcm). 
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Chi'i y: Viec chiing minh khong phu thuoc vao true tarn H nSm ngoai, 
Irong AABC. 

Theo gia thiet H la true tam => AH 1 BC; BH 1 AC 


K la true tam ASBC 
> BK 1 SC, SK 1 BC 

Ta chung minh: HKl(SBC) 
That vay: 


SA1BC 
SM 1 BCj 
BN 1 (SAC) 

BN ISC 
BE1 SC 
Tir(l) va (2) => HKl(SBC) 


<=> BC 1 (SAM) => HK 1 BC (1) 

A 


SC _L (BNE) HK 1 SC (2) 



Bai 290. 
AB//CD 
AB1 MN 


--5MN1CD 


Xet AB'MD la tam giaC can 
=> MN 1 B'D 


(i) 


( 2 ) 


B 




7:7 .' 

" / 

'''/ 

, ' -'Syr 

; KAAaI---- 

C 

• Ax 
. 1 A' 

N / 

A n 


D 


D' 


B 


Bai 291. 

Xet AAOB co OA = a; OB =av/2 

AOB = 45° => AAOB vuong a A 
=> OA 1 AB (1). 

Tirong tir. 

Xet AAOC vuong a A => OA ± AC (2) 

Tir (1) va (2) => OA 1 (ABC) 

va AABC co AC = a, AB = a => AABC vuong o A. 
Vay Ot 1 (Ox,Oz) <=> Ot 1 (AOB) 

va ta thay AC 1 (AOB) =} Ot //AC 


C' 
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hay Ot e (AOC).=> Ot e (Ox.Oy) . 


Bai 292. 

a) Ta tha'y ASAB, ASAC, ASBC can. 

Phan giac trong ASB la SM, cua ASC la SI, 
cua BSC la SJ. 

Phan giac ngoai goc ASC la Sx. 

Sx 1 SI => Sx//AC 
ma AABC can 6 B 
=> B[ _L AC => AC 1 (SBl) 

b) Mat phang SM, SJ, Sx xac dinh boi Sx va 
MJ, Sx//MJ. 



Bai 293. 

Cdch 1 : 

Xet cac diem each deu hai diem AB la mat trung true AB. 

Xet cac diem each deu hai diem BC la mat trung trite BC. 

Cac diem each deu A, B, C la giao tuyen hai mat true AB va BC. 

Cach 2: 

Goi M each d6u A, B, C thi MA = M = MC. Khi do hinh chieu cua MA, 
MB, M len mat phing (ABC) bang nhau. 

Goi hmh chie'u do la O thi O la tarn vong tron ngoai tiep AABC. 

Vay M g (A)di qua O va (A) vudng goc vefi mat phang (ABC). 


Bai 294. 

Chi xet mat: ACD 
DC1 BC 

DC1 AB 

Bai 295. 

Gia su: 


(P)l(A)! 
a 1(A) 


DC 1 (ABC) ^ DC 1 AC => AACD vuong a C. 


a//(P) hoac ae(P). 


That vSy: 

Nfi'u a va (P) khong co didm chung thi a// (P). 

Ne'u a va (P) co mdt diem chung A’ qua A'. Ke a' di qua A. Xet mat phang 
Q chira a' va a thi Q i. (A) chira A =x> (P) = Q => a e (P). 

Bai 296. 

a) Goi Q di qua A vudng goc SC. Suy ra: 
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AB, 1 SC 

BC 1 (SAB,) => BC 1 AB, 

Tuong tu: AD, 1 (SDC) => AD, 1 D,C, 

=> Tu* giac AB,C,D, co : B, = D, = lv 

=> noi tiep duong tron duong kinh AC,, 
b) Dieu kien de H, la trung diem B,D, xay 
ra hai trircmg hop sau: 

Truong hop 1: B,D, 1 AC, tai H, 

Truong hop 2: B,D, di qua trung diem cua 
AC,. 

Trtfdng haji 1: 

B,D, 1 AC, o AB, = AD, 

va AB 1 SB,; AD, 1 SD, day la hai ducmg 

cao cua ASAB va ASAD <=> AB = AD 
Trtfdng hap 2: 

H, la trung diem cua AC, 

Khi do: AC = 2R; SH = 1, 

2Rh Rh 


AB, 1(SBC)=> AB, 1 B,C,. 



AC, - 


; AH, = 


V4R 2 +h 2 
Ti'nh AH = x? 

Ke C,K//SH, xet ACSH ta co: 


V 4R 2 +h 2 


2R - 2x CC, 


4R 2 - 


4R 2 h~ 
4R 2 + h 2 


( 4 R=)- 


4R 


2R-x 


Vay x = — 


CS 

Rh 2 


h- +4R 2 


(h 2 +4R 2 ) 2 h 2 + 4R 2 


h 2 +2R 2 


Rh 2 


Vay khi H each A mot doan AH=—--ducmg thang di qua H va 

h 2 +2R 2 

vuong goc voi AC. (AB=AD) 

Bai 297. 

Ta thay AAIB can; ABIC can 

f - rz\ 2 

DH 2 - DA 2 - AH 2 =a 2 - 


2 aV3 


3 2 


2 a- 


C 
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- DH =v r 

IH = va HM = - — 

2 V 3 3 2 

IM- =IH- + HM 2 = — + — = — 

6 12 4 


=>IM = - 
1 


A^rrrj^ r: v 


Vay ABIC vuong can vi IM= — BC. B 

2 

Tirrnig tir AAIB vuong can; AAIC vuong can. 

Neil IA 1 IB va IA 1 IC (dpcm). 

liai 298. 

a) Theo dinh ly ba dirbng vuong goc thi: 

SB 1 BC; SD 1 DC => SB = a^2 = SD; SC = V2a : +a 2 = aV3 ■ 

b) TuAke AB, 1 SB; AC, = SD => (Q) = (AB,C,). 

(doc gia tir churng minh) S 

Do ASAB = ASAD => B,D,//DB Vv 

ma BD 1 (SAC) => BD 1 AC, YsN. 

=> B,D, 1 AC, 

Suy ra tur giac AB,C,D, co hai dirong A \/7 

cheo B,D, 1 AC,. / V\ 

Tinh dien tich tir giac AB.GD, ta co: / / \ 

S abCD =—8,0, .AC, \ 1 

AB.C.D, 2 ' A*\^ \ * 

1 o /A V 

av2 V X^ 

Taco: B,D, = — BD -—— 

11 1 ? R 


/ / X'l » 


Xet ASAC => SC = aV? => AC, = 


a.a V2 a%/6 


1 aV3 

c , 1 a%/2 a\/6 a : vT2 a\/3 

ABlC ' D| 12 

Bai 299. 

Xdt mat (SBC) co; 

AM 1 SB 

, > => AM ± (S 

AM 1 BC (vi BC 1 (SAB) v 


AM 1 (SBC) //lX_^ 

a^ct 


B 
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=> AM 1 SC 

ma AN 1 SC => SC 1 (AMN) (dpcm). 


Bai 300. 

a) Xet mat: (MAI) => BC 1 (AMl) => BC 1 OH (1) 

BH 1MC 

Xet mat: (BOH) 


BO _L (MAC) 

=> MC 1 OH 

Tir (1) va (2) => OH 1 (MBC) (dpcm) 
b) Ta co: MN 1 BC (vi MA 1 (ABC)). 

Can chung minh: MB _L NC 
Xet mat (NHC) co: 

CH 1 MB (CH trite tarn) 

NH1MB (NHl(MBC)) 

Chung minh MC _L NB tuong tu. 

Bai 301. 

a) Ta nhan thay: 

OA = OB= 1; 

AD = OC = DC = 1 => OD = 1 
OC =OB = SO = 1. 

V(iy didm O each deu cac diem S, A, B, C, D. 

(Hoc sinh co the tong quat hoa bai toan tren). 

Ti'nh khoang each: OS = OA = OB = OC = OD = 1. 

b) Goc giCra SO va mat phSng (SDC). 

Xac djnh goc: 

Xac dinh hinh chieu SO len mat (SDC). 

Ke OH 1 SM (M la trung di^m DC). 

Ta tha'y: 

, , OH 1 SM 

DC 1 (SMO) 


BO _L MC => MC 1 (BOH) 
( 2 ). 


MB 1 (NHC) => MB 1 NC (dpcm). 



OH 1 DC 
Suy ra hinh chieu SO ia SM 

Tfnh HSO. 

Xet ASOM vuong a O. 

/S _ R 

OM = —; tan HSO = — 

2 2 


> OH ± (SDC) 
goc giira mat va SO la goc HSO. 
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Vay goc do co so do a: tan a = ——. 

Bai 302. 

a) Sir dung dinh li Pitago: 

SB - SD = arsfl ; AC = a; SC = a-v/2 . 


b) 10 //SA => 10 1 (ABCD) => 10 




Bai 304. (Doc gia tir chufng minh: 

Bai 305. Ggi y 

MB 1 NA va MA 1 NB. 

Xet m^t (ENA) co: 

AF 1 OB 1 

AFl(OMB) 


AF 1 MO 
MB 1 AF 


-> 


MB 1 NA (dpcm) 


MB 1 (ENA) 

MB 1AE 1 v ’ 

Xet tu- dien MNAB ta co: MN 1 AB; MB _L NA 

C;)p thu 3: MA 1 NB (dpcm). 



NB 
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PHAN 4. HAI MAT PHANG VUONG GOC 

A. Kien thtrc co ban 

/. Goc 2iita hai mat phanz. 

1. Dinh nxhui: 

Gia sir hai mat phlng a va P clt nhau theo giao tuyen c. Tir A hat ky 
thuoc c trong a dung dircmg thing ale, trong p dung b 1 c . Goi goc giua 
hai duerng (a, b) la goc giua hai mat phlng a va p. Kf hieu (a, p). 

Goc giua (a, p) < 90°. 

Neu a//p hoac a = P thi (a, P) = 0° 

Nhan xet: Cho hai mat phlng a va P co: dla;d'ip^(d,d') - ((x, P). 

2. Hai mar phanx vuont* gocj_ 

Hai melt phlng a va P goi la vuong goc vdi nhau neu (a, P) = 90° thi klii 
do ki hieu a ip hoac pia. 

3. Thill chat: 

Can va du de aip la mat phang nay chua mot duong thing vuong goc 
voi mat phlng kia. 

Neu a x p = d va a 1 y, P 1 y thi giao tuyen d 1 y . 

Neu a 1 P va co hai Vecto phap tuyen n a va n p thi n a .n p = 0. 

4. Hinh Idn.a tru (h'(n$> \ la hinh lang tru ma canh ben vuong goc voi mat 
day. 

5. Hinh chop den: la hinh chop co day la da giac deu va co cac canh ben 
blng nhau nen hinh chieu dinh roi trong tarn day. 

6. Phan hinh chop giua day va mot thief dien song song voi day cat tat ca 
canh ben cua hinh chop dirge goi hinh chop cut. 

Neu hinh chop d6u ma phan hinh chop deu nlm giua day va thict dien 
song song voi day clt tat ca cac canh hinh chop deu la hinh chop cut deu 

7. Tinh chat hinh chon deu 

Cac canh ben hinh chop deu blng nhau. 

Cac mat ben hinh chop deu la cac tarn giac can bang nhau. 

Chan duorng cao trung tarn day. (Tam vong tron ngoai tiep day). 

Clt thiet dien song song day duoc thiet dien ben la da giac deu ddng dang 
vdi day. 

8. Tinh chat hinh chop cut deu. 

Cac mat ben cua chop cut deu la cac hinh thang can blng nhau. 

Neu keo dai cac canh ben hinh chop cut dlu thi dong quy tai mot diein. 

Do dai noi tarn hai day la dudng cao hinh chop cut d6u. 

Mot so van de can shi nho. 

1. Chung minh hai mat phlng (a) va (P) vdi nhau blng hai each. 

Cach 1: Chung minh goc phlng cua nhi dien (a, P)=90°. 
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Cat'll 2: Mot trong hai mat phing chufa mot duang thing vuong goc vai 
mat kia. 

2. ("hung minh AABC vuong. 

Cat 'll I: Dung dinh ly Pitago. 

Cdch 2: Neu trung tuyen AM e BC va AM = — BC thi vuong a A. 

3 I ir dien ABCD deu. H la tarn giac giac deu BCD thi AH 1 (BCD). 


4 Tur dien d£u la tu dien co 6 canh bing nhau va co 4 mat la tarn giac 
deu. 

5. Tu dien SABC co SA = SB = SC va AABC deu goi la hinh chop tarn 
giac deu dinh S, day la AABC deu. 

6 Tu dien vuong la tu dien co mot goc tarn dien ba mat vuong. 

7 Tu dien gin deu la tur dien co 4 mat la 4 tarn giac bing nhau. Trong mot 
tu dien gin deu cac cap canh doi bing nhau, cac goc tarn dien bing nhau. 

8. Dinh ly Talet trong khong gian: Ba mat phing song song chin hai cit 
tuyen bat ky nhung doan thang ti le. 

9. Chung minh mot duang thing d vuong goc vai mot mat phing (a) bing 
haieach. 

C dch 1: Dirong d _L a; d _L b vai a, b e a va a x b . 

0/(7? 2/ d e (3 ma P 1 a thi d _Lgiao tuyen. 


B. Cac dang bai toan tur giai 

/. Bai tap nidu _ 

r J)qtnj / : Chu rn/ m inh luti mat phdmj CX t)d (3 oudtu y yde txd’i nhau 
Phuc/ng phap giai: 

Chung minh a hoar /3chua mot duang thang vuong goc vcfi duang thang kia. 
Goc giua hai mc)t phdng hang 90°. 

Tich vo hudng hai vectaphdp tuyen cua hai mat phdng hang 0. 

Chung minh alp khi a _L y ma y//(3 . 

Bai 306. Trong mat phing a cho turn giac ABC vuong a B. Ke doan thing 
AD vuong goc vdi a tai A. Chung minh ring: 

a) ABD la goc giua hai mat (ABC; va (DBC). 

b) Mat (ABD) vuong goc vdi mat (BCD). 

c) Mat phing di qua A va vuong goc > di DB Ian luqt cat DB va DC tai H va K. 
Chifng minh: HK//BC. 

GiciL 

a) Phuang phap: 

Chon giao tuyen 2 mat phing. 
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Tim mot diem thuoc giao tuyen co hai diromg 
thing thu6c hai mat phing vudng goc vdri giao 
tuyen. 

Giao tuyd'n BC, tai B ta co: 

AB e (ABC), DB e (BDC) 

AB1BC (1) (B = 90°) 

DB J_ BC (2) (theo dinh ly 3 duofng vuong goc). 

Tir (1) va (2) => ABD la goc giua hai mat (ABC) 
va (DBC). 

b) Chung minh dua vao mot mat phing chira mot 
dubng thing vuong goc vdi mat kia. 

Ta co: BC 1 (ABD) (theo djnh ly 3 dirbng vuong goc) 

=> (BCD) 1 (ABD). 

KH _L DB 

c) (AHK)IDB tai H => 1=>KH//BC (Vi KH va 

v ’ BC 1 DB 

BC e (BCD) 

Bai 307. Qio hai mat phang a va p cat nhau va mot diem M kliong thudc a 
va p. Chung minh ring qua M chi co mot mat phlng P vu6ng goc a va p. Neu 
a//P thi ket qua tren se thay doi the nao? 

Gidi. 

a n P = d. Qua M dung P vuong goc d. Khi do: Plava P 1 P v'i a 

chua d va P chua d. Do tinh duy nhat mat phang di qua mot diem vu6ng goc 
vbi duofng thing d n6n P duy nhat. 

Neu a //P goi dudng thing d di qua M va d 1 a, d 1 p n6n moi mat phing 
P chira d. P vuong goc vdri a va P vudng goc vdfi p. VSy co v6 so mat phing P 
di qua M vudng goc vdri a va p. 

Bai 308. Cho hinh lap phucmg ABCDA B CD'. Chiing minh ring 

a) Mat (AB'C'D) ± (BCD'A'). 

b) Dudng AC 1 (A'BD). 

Gidi. 

a) CachJL 

(AB'C'D)n(BCA'D') = 00'. 

Vi ABCDA'B'C'D' la hinh lap phucmg nen 0’//AD//B'C. 

ADB'C' la hinh chu nhat =^> AO 1 OO'; BO 1OO'. 

Goc giua hai mat la: BOA = 90° 2 mat vudng goc vdi nhau. 

Cdch 2. 

(ADB’C) chira DC: 
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DC' 1 CD' (v'i CDD'C' hinh vuong) 

C'DIBC (vi CD1AD) 

CD 1 (BCD'A') => (ADB’C) 1 (BCD'A') 
b) Chung minh: AC'i(A'BD) gX: 

That vay: xet mat (ABC) thi 

BA'lAB'l 

bBA'l AB’C' 

BA'lB'Cj V ’ 

=> BA 1 -L A ’ C 1 (1) 

Tuong tu xet mat AC'D’ ta co: ® 

A’DlAD'l 


KA' 



A’D l(AC'D’)=> A'D i AC'( 2) 

A'D _L C'D'j V ’ 

TCr (1) va(2)=> AC' i(A'BD) (dpcm) 

Bai 309. Qio hinh chop SABCD co day ABCD la hinh thoi canh a co SA 
= SB = SC = a. Chung minh rang: ^ 

a) Mat phang (ABCD) vuong goc voi mat (SBD) 

b) Tam giac SBD la tarn giac vuong //,'j \ 

Gidi . // / \ 

a) Goi O la tarn hinh thoi. // ! / \ 

AClBDl , /./ // \ 

AC x so r AC1 (SBD) Wpcm) />-:r\ .> B 

b) Chung minh ASBD vuong /s' s' 

That vay: AASC = A ABC => OS = OB \ / 

1 D ' -- S 

<=> OS = — DB C 

2 

=> ADSB vuong a S. 

(Ducmg trung tuyd'n bang canh day). //‘\\ 

Bai 310. Cho hinh hop chi* nhat ABCDA'B CD'; // • \ \ 

AB = a; BC = b; CC' = c. / ■ \ \ 

a) Chung minh r&ng mat ph&ng (ADC'B') vuong // ! \ 

goc v6i mat (ABB’A'). NJ- - 

b) Tmh dd dai dirbng cheo AC theo a, b. c. * // \ / 

Giai. J \ I 

a) Chung minh: (ADB'C) 1 (ABB A ). V /'' °K \ 

That vay: _ —j 

ADI (ABBA) C 

ma AD e (ADB'C') <=> (ADB'C') _L (ABB'A') 




'XpP* 

X' OK 
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b) AC’ 2 = A’C’ 2 + AA' 2 = A , B ,2 + B'C ,2 +AA' 2 - a 2 + b 2 +c 2 
=> AC ’ = Va 2 + b 2 + c 2 . 


Bai 311. Cho hinh chop tii giac deu SABCD co cac canh ben va canh <day 
bang a. Goi O la tam cua day ABCD. 

a) Tmh do dai doan th&ng SO. 

b) Goi M la trung diem cua doan SC. Chung minh: (MBD) 1 (SAC). 

c) Tmh do dai doan OM va tmh goc giua hai mat (MBD) va (ABCD). 
Gidi. 

a) SA = SB = SC = SD = AB = AD = BC = CD = a; 

AC = aV2 



b) Ta thay: BO 1 (SAC) => (BMD) 1 (SAC) 

(vi BDe(BMD)). 

c) ASOC vuong can: => COM = 45° 

Goc giCra mat phdng (MBD) va mat (ABCD) la ; goc 

CDM = 45°; OM=-SC = -a. 

2 2 


Bai 312. Cho hinh chop SABCD co day ABCD la hinh thoi tam I, camh a 


va co goc A = 60 n , canh SC = 


>V6 v 


va vuong goc vdi mat (ABCD). 


a) Chung minh (SBD) 1 (SAC) . 


b) Trong ASCA ke IK 1 SA tai K. Hay tmh do dai IK. 

c) Chung minh BKD = 90° va tu do suy ra (SAB) 1 (SAD). 
Gidi 

a) 

BD J_ AC (dudng cheo hinh thoi) 

BD1SC (vi SC 1 (ABCD)) 

=> BD _L (SAC) 

=> (SBD) 1 (SAC) vi BD e (SBD) 

b) Cdch 1: Kb CL // IK; IK = - CL 

9 

D 
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CL - 


a J 6 a V3 
SC.C A a 


SA 


SA 


1 6a : , , /Tx 3a72 

SA = J— - + 3a‘ = a 

4 V 4 2 


a'V2 


CL = 


2 . 


= a => IK = —. 
? 2 


C(U h 2: Xet 2 AIAK dong dang ASAC =■> IK 


h) IK = | va BD - a => ABKD: BKD = 90° => (SAB) 1 (SAD) (dpcm). 


II. Bai tap tic nidi. 

Bai 313. Cho hinh chop SABCD, day ABCD la hinh chu nhat. Canh ben 
SA vuorig goc vdi day. Chirng minh (SDC) _L (SAD). 

Bai 314. Cho lang tru dung tarn giac deu ABCA'B'C co canh day va canh 
ben bang a. Goi M, N, E lan lirot la diem giira cac canh BC, CC, CA\ goi (P) 
la mat phang qua M, N, E. Chufng minh (P) _L (AA ’ B' B). 

Bai 315. Trong mat phang a cho hinh thang vuong ABCD vuong 6 A va 
D, All - 2CD, CD = AD ,ve Ax L (a). Tren Ax lay S sao cho SA = AB, E la 

(rung diem cua SB. Chung minh (SDC) J_ (SAD); (SBC) 1 (ADE). 

Bai 316. Cho hinh chop SABCD co day ABCD la hinh vuong canh a, hai 
mat ben vuong goc vdi day, hai mat khac tao vdi day mot goc a. Hay xac 
dinh dirong cao ha tir S. 

Bai 317. Cho (P) va (Q) la hai mat phAng vuong goc co giao tuyen A. 
a) Chirng minh rAng (R) la mat phAng cAt (Q) va (P) lan lirot theo hai giao 
tuyen D,, D : vuong goc vdi nhau thi A J_ D, hcac A _L D : 

h) Cho A la diem a ngoai (P) va (Q) hay chi ra each dung qua A mot mat 
phang d cat (P) va (Q) theo giao tuyen vuong goc vdi nhau. 

Bai 318. Cho ba tia Ox, Oy, Oz khong thuoc mot mat phang va cho 

xOy - yOz = 60°: zOx = 90°, lay A, B, C lan luot thuoc Ox, Oy, Oz sao cho 

OA = OB = OC. Chirng minh: (ABC) 1 (AOC). 

Bai 319. Cho tu dien SABC, hai mat phang (SAB) va (SBC) vuong goc vdi 

nhau va co SA 1 (ABC), SB = aV2; BSC = 45°; ASB = a . 
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a) Oiling minh BC 1 SB. Tim diem each deu S, A, B, C. 

b) Xac dinh a 66 (SCA) va (SCB) tao vefi nhau goc 60°. 

Bai 320. Cho hinh vuong ABCD, mot diem S trong khong gian sao cho 

SAB la tarn giac deu va (SAB) 1 (ABCD). 

a) Chung minh (SAB) _L (SAD) va (SAB) 1 (SBC). 

b) Tmh goc giua 2 mat phing (SAD) va (SBC). 

c) H va 1 lan luot la trung diem cua AB va BC. Chung minh: 
(SHC)i(SDl). 

Bai 321. Cho hinh chu nhat ABCD vdi O la tarn va co AB = a; BC = 2a. 
Ke Ox 1 (ABCD), tren Ox lay diem S sao cho SO = h. M, N lan luot la trung 
diem AB, CD. 

a) Tmh goc giua mat (SMN) va cac mat (SAB), (SCD). Tim he thvrc li&n 
he giua h, a de (SMN) 1 (SAB) va (SMN) 1 (SCD) . 

b) Tmh goc giua mat (SAB) va (SCD). Tinh h theo a de hai mat do vuong 
vdi nhau. 

Bai 322. Cho hinh chop tarn giac deu SABC. Chung minh: 

a) M6i canh ben cua hinh chop d&u vuong goc. canh day doi dien. 

b) M6i mat ph^ng chira mot canh ben va duong cao hinh chop vuong goc 
vdi canh dbi dien. 

Bai 323. Cho tarn giac can ABC. AB = AC, BAC = 120°. Xet hai tia cung 
chieu Bt va O' vuong goc vdi mat phang (ABC). Ltfy B' e Bi; C’ € Ct' sao 
cho BB* = 3CC. 

a) Chung minh giao tuyen mat (ABC) va mat (AB’C) co dinh khi B', C 
thay doi. 

b) Khi BB' = a. Tinh goc giua (AB’C) voi mat (ABC). Tmh di6n tieh 
A ABC. 

Bai 324. Cho hai mat ph^ng (P) va (Q) c^t nhau theo giao tuyen A tao vdi 
nhau goc a. Xet hai diem M, N lan luot thude (P) va (Q). Ke 
MI 1 A; NJ 1 A. Cho MI = a, NJ = b, JI = c. Tinh do dai MN. 

Bai 325. Cho hinh chop tarn giac deu SABC canh day b^ng a, dudng cao 
SO = 2a. Goi M m6t diem thude dudng cao AA, cua tarn giac ABC. Xet mat 
piling (P) di qua M va vuong goc AA,. Dat AM = x. 

a) Xac djnh thiet dien giua mat phlng (P) va hinh chop. 

b) Tinh dien tich thiet dien theo a va x. Xac dinh vi tri M de di6n tieh 
Iniet dien dat gia tri ldn nhit. 

Bc i tap titgidi 

Bai 326. (De thi Dai hoc Cao dang nam 2003 khoi D). 

Cho tu dien ABCD, AD 1 (ABC)va AABC vudng tai A, AD = a; AC = b, 
BC = c. 
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Tinh dien tich ABCD thco a, b, c. Chung minh: 2S > ^abc(a + b + c). 

Bai 327. Cho hinh chop SABC co SA vuong goc voi day, ABC khong phai 
la tarn giac can. Goi B’,C’la hinh chieu vuong goc cua A len SB va SC. 

a) Churng to BCC’B’ la tur giac noi tiep co BC va B’C’ khong song song 
vdi nhau. 

b) Goi I la giao cua BC va B’C\ Chung minh: IAB = IAC. 

Bai 328. Cho hinh vuong ABCD thuoc mat ph&ng (P). Tren duong 
Ax 1 (P)lay mot diem S bat ky, dirng mat phing (0) di qua A vuong goc 
vdi SC Q ck SB, SC, SD tai B\ C\ D\ 

Churng minh ABC = A^BC - ACC = ADC = ADC = 90°. 

Bai 329. Cho hinh lap phuong ABCDA B C’D'. 

a) Tfnh goc tao bai cac durong thdng AC’ va A’B. 

b) Goi M, N, P ISn luot la trung diem cac canh A’B’, BC, DD’. Churng 
minh AC'1 (MNP). 

Bai 330. Cho hinh chop SABCD co ABCD la hinh thoi, AB = SB = a; 
2a>/6 

AC = —-—, O la giao diem hai duong cheo AC va BD, SO vuong goc vai 
mat day. 

a) Chung minh ASC la tarn giac vu6ng. 

b) Chung minh (SAB) _L (SAD). 
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Bai 315. 

Chiing minhr(SDC) 1 (SAD) 

That vay: EXT _L (SAD) (theo dinh ly 3 dudng 
vudng goc) => (SDC) 1 (SAD). 

(ADE) 1 (SBC) <=> Chdng minh 

SB 1 (ADE). 

That vay: ASAD vuong can 

=> AE 1 SB; AD _L (SBA) => AD 1 SB. 

A B 

Bai 316. 

Six dung menh de hai mat phing cat nhau vuong goc vdri mat phang thix 3 
thi giao tuyen cua chung vuong goc vdi mat phang thix 3. Vay dircmg cao la 
giao tuyen hai mat ben vuong goc vdi day. 

Bai 317. 

a) Goi M la giao diem (R) vdi A => M e d, hoac M e d 2 . Gia sir d, khong 


S 



vuong A. 

Trong (P) dung d', di qua M d| 1 A => d( _L Q d| _L d 2 => d 3 1 (P) vi 
(d 2 1 dj va d, _L d\ ) => d 2 ± A . 


b) Theo ket qua tren thi goi hinh 
chieu cua A la K va L len mat ph^ng 
P va Q. Gia sir qua A dimg R cdt P va 
Q theo d, va d 2 sao cho d, _L d^ thi 

gia six d, _L A => d, 1 Q => d, //AL 
R chixa AL va L e d 2 suy ra each 
dimg. 

L^y d 2 qua L cat A tai M. 
d,//AL suy ra R chixa d, va A1 can 
dung. 

Bai 318. 

Gai y: AAOC vuong a O => AC = \f20A 
ABC vuong d B. 

Ke Om trung tuyen => MB la trung tuyen 
(hoac dudrng cao). 

JZ 

OM = BM = —- => AOMB la tarn giac 
2 

vuong. 
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Bai 319. 

a) Cho tu dien SABC 
(SAB) 1 (SBC) 

(SAB) 1 (ABC) 


BC 1 (SAB) 



=> SAC vuong a A, canh hi\yen SC. 

SBC vuong a B canh huyen SC. 

=> diem each deu SABC la trung diem SC. 

b) 

AB. lSBl 

> => (AB.C.) 1 sc 

AC, 1SCJ V 1 1; 

=> AC,B, la goc giua hai mat phSng (SAC) va (SBC). 

Vi (SAB) 1 (SBC) => AAB,C, vuong a B, 

AB, = C,B, tan60°; AB, = SB, tan a; B,C, = SB, sin45 

Jl 

=> AB, = SB, tan60° sin 45° = SB, tan a => tana = — 


Vay goc giCra 2 mat ph^ng (SAC) va (SBC) la 60° khi tana = 


B 


41 


Bai 320. 

a) H la trung diem cua AB: 

^ SH 1 AB => SH 1 (ABCD) => SH 1 AD 

^ADl (SAB) => (SAB) 1 (SAD). 

Tircmg tir: (SBC) 1 (SAD). 

h) Goi (SAD)n (SBC) = St thi St // AD//BC 
in a (SAB) 1 (SAD); (SAD) 1 (SBC) 

o goc giua (SAB) va (SBC) la goc ASB = 60°\ 

c) Chung minh: (SHC) _L (SDl). 

Thftt vAy ABCD la hinh vuong => CH 1 DI (1)' 
ma SH 1 (ABCD) => SH 1 DI (2) 

Tir (1) va (2) => DI 1 (SCH) => (SDl) 1 (SCH). 

Bai 321. 

a) Phucfng phap tim mot duong thing thuoc (SAB) vuong goc voi mat 
(SMN). 

ABl(SMN) 
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AB 1 MN ^ ( SMN ) ± ( SAB ) 
vi [AB _L SO 

(SMN) 1 (SCD) 

CD 1 (SMN) => (SMN) 1 (SCD) 

Voi a, h tuy y thi (SMN) vuong goc vai 
(SBQ va vuong goc (SCD). 

b) Tmh goc giira (SAB) va (SCD) vi 
(SAB) va (SCD) cung vuong goc vd\ 

(SMN) nen co giao tuyen St//DC//AB 

=> goc giua hai mat phing MSN . 

De MSN = 1 v => SO = — MN => SO = h = a. 

2 

Bai 322. (Hoc sinh tir giai). 

Ggi y: Chiing minh hai mat phing vuong goc vai nhau, tim m6t di/ong 
thing thuoc mot mat phing vuong goc vcri mat phing kia. 




C I =-in a 


CK Cl CK 
AJ _ AI a/ 


aS/ 

/ 2 


r- >13, 


CK = 


/ 4 


a / 4+ 3a 2 


iVT 3 . 


V3 V39 

= a —= = a-- 

2vl3 26 


Goc hai mat phang (ABC) va (AB'C 1 ) la goc CKC' = cp 

CC % 26 _ 2\[\2? _2y[\3 2^39 

tan<P “CK _ a ^9/ _ 3V39 = 373Vl3 “ 3^3 " 9 

/26 

VSy goc cp la goc giCra hai mat phing (ABC) va (A'B'C). 
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Bai 324. 

(Q.P) = a. 

MI = a, NJ = b, IJ = c. 

Tmh MN. 

Ke NN7/IJ. 

NN-IJ - c => NT = b => MIN' - a 
va NN'l(MIN') 

MN ,2 = a 3 + b 2 - 2abcosa. 

Xet AMN’N vuong tai N’. 

:^> MN 2 = MN ,2 + NN ’ 2 = a 2 + b 2 + c 2 - 2abcosa 



:=> MN 2 = Va 2 + b 2 + c 2 -2abcosa. 

Bai 325. 

a) Xac dinh thiet dien. 

Mat ph^ne P di qua M va vudng goc vdi AA,. 
(P)//BC, (P)//SO 

I'X o 

Xet M e AO = ——=>(p)n(ABC) = IJ 
^ 3 


(P)//SO <=> trong mat phing ASA’ 

Ke MK//OS, K e SA => thiet dien AKIJ, a " 
AKIJ can tai K. 

Xet M e OA, thi thiet dien la hinh j 

thang can. 

b) Tinh dien rich thiet dien. 

Xet trirbmg hop M e AO thiet dien JKI tarn giac can. 

S^. =iu.KM 



2 aV3 


™ = ~=>KM = 2xV 3 (1) (vi AO = -^^, AM = x, SO 
SO AO 3 2 

= 2a) 

IJ AM fT BC.AM _ . . aV3 

==> IJ =- trong do BC = a, AA, =-, AM = x 


BC AA, AA, 


JI- 


ax 


2xV3 




’IJK 


2x 2 . 


Xet trirong hcfp: M e OA, thiet dien la hinh thang can. Thiet dien IJHK. 
c (KH + JI)MN 2 xV3 

s ,jhk ~~ --= 
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3 2 


NM A.M SO. A, M 

-= —— => NM =- 1 — 

SO OA, OA, 



2(3a-2xV3) 



|3a -2x\j3 j^2x>/3 -2a = -^3a-2xV3 j^8x\/3 -6aj 


= y^3a-2xV3 j^4xV3 -3aj = ^12ax>/3 -9a 2 - 4.2.x 2 .3 + 6ax\/3 j 


a 

Xet ham so: /(x) = — ^-24x 2 + 18a>/3x -9a 2 j 
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PH 2 = DB 2 -BH 2 


= a~ 4-c~ - 


b~ 4- c‘ 


a 2 b 2 + b"c~ -f a"c' 

.2 , 2 

b -t c 


:> DH = 


{ 


■», *> * *> ^ 2 2 
a~b" + b'c" + a c 


i 2 2 

b + c 

1 r 


S. DRr = — DH.BC = — \la 2 b 2 + b 2 c 2 + a'c' => 2S 

A DHL ^ 


ADBC 


I ■) , I r") 2 2 2 

- va"b" 4-b"c + a c 


HS 2 = a 2 b 2 + b 2 c 2 + a 2 c 2 

8S 2 = 2a : b : + 2b 2 c 2 + 2a 2 c 2 = a 2 (b 2 + c 2 ) + b 2 (a 2 + c" ) + c 2 (a 2 + b' ) 

Tlieo bat dang thiic Cosi ta co: 

8S 2 > 2a 2 be + 2b 2 ac + 2c"ab <=> 8S 2 > 2abc(a + b + c) 

<=> 4S 2 > abc(a + b + c) <=> 2S > ^abc(a + b + c) (bat dang thiic duoc 

chi'mg minh). 

Bai 327. 

a) Oiling minh (BB’C’C) noi tiep. 

Xet hai tam giac vuong: 

ASAC => A = lv -> SA 2 = SC.SC (1) 

ASAB => A = lv => SA 2 = SB.SB’ (2) 

Tit (1) va (2) suy ra BB’C’C noi tiep va B’C’ 
khong song song voi BC. 

b) Qiurng minh IAB = ICA 

Goi dirbng tron ngoai :iep AABC co duong kfnh AD. 

AB’1(SBD)=> AB’.L SD 
Tuctng tu: 

AC' _L SD => SD 1 (/ B’C') o SD 1 A1 va 
SA i AI => AI1 (SAD) AI 1 AD 

Hay AI la tiep tuyen => IAB = ICA (dpcm) 

Bai 328. 

Xet: 

AB'ISC) 

) => AB' J (SBC) 

AB'-LBCJ V ' 

=> AB 1 1 B'C => AB' : = 90° 

Tucmg tu: AITC = 90° (dpcm) 
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a) Xac dinh goc giffa AC’ va A’B. 
B'C" J-(ABB'A')=> B'C'IA'B (1) 

AB'IA'B (2) 

Tir(l) va (2) => A'Bl(AB'C') 

=> A'Bl AC . 

b) Chung minh AC' 1 (MNP). 

Goi nidi canh hinh hop la a 



MN 2 = B' M 2 + BB' 2 + BN 2 = — + a 2 +—= — 

4 4 2 


Ttrong tu: NP = MP = NM => AMNP tam giac deu. 

Ben canh do: AN = AP = AM; CM = C’N = CP 

Vay C va A each deu ba dinh M, N, P AC' J_(MNP).AC di qua 



Vay SO = AO = OC => AASC vuong a S. 

b) Chung minh (SAB) 1 (SAD). 

Ke OA 1 SA . 

Xet (A,BD) co: 

BD 1 (SAC) oBDi SA; OA 1 SA => SA 1 (BA,D) 

=> goc phing cua 2 mat ph&ng (SAB) va (SAD) 

taco: SB = SO; SA = SC => OA, = ° S '°- A = — ma BD = 

1 SA 3 3 

=> ABA,D vuong => 2 mat phSng vuong goc voi nhau. 


ISO 






PHAN 5. KHOANG CACH 


A. Kien thiirc ca ban . 

1, Khoang each tie mot diem den dudng thang 

1 . Qinh nghia: 

Khoang each ttr O den duong thing a la do dai doan OH 1 a voi Hea. 
Ki hieu d(0, a) = OH. Chu y: VM e a thi OH < OM. 

2. Tinh chat: 

Khoang each tu diem 0 den dudng thing a nho nhat so vdi cac khoang 
each tu* 0 den moi diem thuoc a. 

Khoang each tu O den ducmg thing a bing 0khi va chi khi Oea. 

//. Khoang each tir mot diem den mat vhanz . 

1. Dinh nghia: 

Khoang each tu diem O den mat phing (a). Goi H la hinh chieu cua O len 
mat phing (a) Khi do do dai doan thing OH goi khoang each tu O den mat 
phing (a). Kf hieu d(0,a) = OH. 

2, Tinh chat: 

d(0,a) la khoang each nho nhat tir O den moi diem thuoc mat phing (a) 

III, Khoang each giua dir&ng thdng a song song voi mat phdng a: La 

khoang each tu A g a den mat phing (a). Ki hieu d(A,a) = d(a, a). 

IV, Khoang each giua hai mat phdng a va 0 song song voi nhau: La 
khoang each tu mot didm A bat ki thuoc a den mat phing p. Ki hieu d(a, P) 
= d(A,P) vdi A e a . 

V, Khoang each giua hai dudng thaw* cheo nhau: la do dai doan vudng 
goc chung giua hai dudng thing do. 

Chu v: Cach tinh khoang each co the? ap dung djnh nghia va xac dinh cac 
dibm, tinh khoang each giua hai diem sir dung cong thuc trong tam giac. 

Can xac dinh cac yeu to trong mat phing. 

B. Cac dang bai toan tu giai 

I . Bai tap mdu __ 

r Dq tuj 1: ^Jtnlt Id to tin if oaeh tu JH (tea (Ttt'duy tit any d eho tru'd*. 

Phirong phap giai: 

Xac dinh H g d de MH 1 J . Tinh MH theo hinh hoc phdng (difa ve trong 
mat phdng) sir dung ede cong thitc tinh. 

Bai 331. Cho hinh lap phuong ABCDA'B'C'D' co canh a. Chung minh cac 
khoang each tir cac diem BCDA’B’D’ den dudng cheo AC’ bing nhau, tinh 
khoang each do. 
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Giai. 

Xet mat ph&ng ADB’C’; ADC’B’ la hinh chu nhat c6: 
AD = B’C’ = a; AB’ = DC’ = a\Jl ; DB’= AC’ = aS 


Vfty khoang each tir D va B’ den AC’ blng nhau. 

Goi khoang each do B'H, = DH 2 . A j) 



Bai 332. Cho hinh chop SABCD co day ABC co tarn la O, canh a, canh 
SA _L (ABCD); SA = a. Goi I la trung diem cua canh SC va M la trung diem 
cua doan AB. 

a) Oiling minh IOJ_(ABCD) 

b) Tinh khoang each tir I den dirdng thSng CM 
Gidi 

a) I trung diem SC => SA//Io S 

ma SA 1 (ABCD) => 10 1 (ABCD) 

b) Tinh khoang each tir I den dirdng CM. 

Cdch 1. 

Xet ASMC can. 


SM = CM = Ja 2 + — = — 

4 2 

SC = aS 

Tinh di&n tich SMC. 

C = a(75 + ^);p 

2 

aV5 aV3 r- a(V5-V3) 

p --=- ;p-av3 = - 

2 2 2 



S = 


a(V3 + V5) aS aS a(S-Ji) a 2 


= —V2J = a 

4 
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Oirong cao: SH. = 2IH IH = 


Cacti 2. 


2 / 1 / 

d +8MC _ 3 /4 aV6 aV30 

MC ” aV5/ “ 2^ ~ 10 

/2 


Trong AACM ke OH 1 CM => IH la khoang each tir I den CM. 

Ti'nhOH = -?=;IO = - 
2V5 2 


IH 2 = OH 2 + IO 2 = — + — = — = — 

20 4 20 10 


IH = 


iV30 

lo~~ 


\Oang 2: cTitth khoang eaeh tit’mot itiem Jll iteit mot mat phdtuj (oJ 


Ph trong phap giai: 

Tim chan di/dng ihdng di qua M vuong goc vdi ala H => Tinh MH 
Phep chieu vuong goc. 

Thudng sir dung dinh li 3 dudng vuong goc. 

Bai 333. Cho hinh hop chur nhat 
ABCDA B CD' co AB = a, BC = b, CC’ = c. 


ACC’A’. 

b) Tfnh khoang each giira BB’ va AC’. 
Giai 


a) Ke BH 1 AC => BH 1 (ACC A’) 
vi (BH1 AC; BH1AA’) 

Xet A ABC. Tinh diremg cao BH: BH = 



b 


/ 

/ 

/ 

/ 

✓ 

/ 

/ 

J 

N. 

__________—•>. 


B’ 


C 


ab 


U 


Va 2 + b 2 

b) Tinh khoang each t£r BB’ va AC\ 

Qhu_y: Tinh khoang each giu.i hai diremg thang cheo nhau thi thong 
thirdng tinh khoang each giira mat phdng chua mot diremg song song vdi 
dudng kia. 

Th^t v&y BB7/(ACC’A’) => khoang each giira diremg BB’ va AC’ la 
khoang each giira BB’ vdi mat ph^ng (ACC’A’). Khoang each 

bh=- t ±_. 

\Za^ +1> 2 

Bai 334.. Cho tarn giac ABC vuong tai A co canh AB = a nam trong mat 
phang (x, canh AC = aV2 tao vdri (a) goc 60° 

a) Tinh khoang each tir C d6n mat phing (a). 

b) Chufng minh canh BC tao vori (a) mot goc q> = 45° . 
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Gidi 

a) Dung CH 1 (a). AC hap vdri (a) goc 60° 

nz pz 

=> CAH = 60° => CH = CA.sin60° = 3 ^ 2 . — => CH = -. 

2 2 

b) Goc giira BC v6i (a) la goc CBH. 

AH = aV2cos60° = => BC 2 = AB 2 + AC 2 = 3a 2 => BC = aS 

2 

£rr-=, CH aV6 V2a Z~2 0 ( . \ 

sin HBC =-= —=- =-=-=> HBC = 45 (dpcm). 

BC 2>/3a 2a 2 

^ Dang 3: Qfinh khodng each hai ituffnq fitting eheo nhau . 

Phuong phap giai: 

- Dung mot mat phdng (a) chAa a va all b, lay Meb, dung 
MM 'la. Khodng each MM ’ la khodng each giAa hai dufrng a va b. 

- Dung mot mat phdng a vuong goc v&i h va di qua M € b , mat phdng 
a cat a tai I. 

- Dung hinh chieu a ’ cua a tren mat phdng a thi ke MM * _L a ’. 

- Ke M'AIlb => A ke AB vuong goc b =>AB Id doqn vuong goc chung 

Bai 335. Cho hinh lap phuong ABCDA'B'CD'. 

a) Chutag minh B’D vuong goc voi hai mat ph&ng (BA’C’) va (ACD’). 

b) Tmh khoang each giua 2 mat ph&ng (BA’C’) va (ACD’). 

c) Tinh khoang each giua hai duemg th&ng BC’ va CD’. 

Gidi. 

a) That vay: (BA’C’)//(ACD’) vi co AC//A’C\ BA’//CD’. 

Ta c£n chiing minh B’D±(BA'C'). 

That vay. 

Xet mat (BDD’B’) thi 
A'C'l (BDD'B) dA'C'IB'D (1) 

Xet mat (ADB’C’) thi 
BA' 1 (ADB'C') => BA' 1 B’D (2) 

Tir (1) va (2) ta suy ra 
B'Dl(BA'C’) (dpcm). 

Tinh khoang each (BC’A’) va (ACD’) 

Xet tu dien (B’BA’C’) co day ABA’C’ la tarn giac d£u canh b£n: 
B’A’=B’B=B’C’ = a. 

Canh day BC' = A'C = BA’ = 3^2 
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=> B'l = Vb'C' : -C'I 2 = 




1 

f aV2V3 2 ^ 

’ - b 2a ' . 

aV3 

a 

l 2 A 

V 3 

3 


VSy IH = a73-^ = ^. 

3 3 

h) Khoang each giua BC’ va CD’ la khoang each giua hai mat (BA’C’) va 
(ACD’). 

R 

Vay khoang each do la: d ^ . 

Hai 336. Chung minh rkng neu duong th&ng noi trung diem hai canh 
AB va CD cua tu dien ABCD la duong vuong goc chung cua AB va CD thi 
AC = BD va AD = BC. 

Gidi. 

Dung mat ph&ng P chua CD va song song voi AB. 

(Cach dung tai K trong mat phing (ABK)). 

KeA’BV/AB. 

Mat phSng (A’B’CD) la mat ph&ng P. 

A’ABB’ la hinh binh hanh nen: 

KC = KD 

=> DA 1 = CB' (1) 

KA‘ = KB' 

IK 1 (P) => AA' X (P); BB' 1 (P) 

AA’=BB’ (2) 

Xet hai tarn giac vuong BB’C va AA’D. 

Tir (1) va (2) ta suy ra ABB’C = AAA’D 
=> AD = BC (dpcm) 

Tuong tu ta dung mat piling Q cliita AB va song song vdi CD => AC = BD 
(dpcm). 

Cach 2. 

Sir dung each tinh do dai BC va AD. 

Dat BC = a; AD = a’; AB = b; BD - b’. 

Gin chdng minh a’ = a; b’ = b. 

12 . i 2 2 

That vay: Xet AACD^> AK 2 = 3 



Xet ABCD=> BK 2 = 


2 4 

a 2 + b' 2 CD 2 


Vi IK duong vuong goc chung 
a 2 + b 1 ' - a' 2 -f b 2 (1) 


ABKA can => BK = AK 
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Tutmg tir ta xet hai tam giac DAB va CBA => Cl — DI va 

a' +b 2 = a' 2 + b' 2 (2) 

Tir (1) va (2) suy ra: a= a’; b = b’ 

II. Bid tap tu eiai. 

Bai 337. (D£ 34 bo de thi TSDH 2000). 

Cho tam giac ABC deu canh a, tren ducmg thing Ax vuong goc voi mat 
phing (ABC) tai A lay di£m S vbi AS = h. Tfnh khoang each tir A den mat 
phing (SBC). 

Bai 338. Cho tur dien vuong SABC dinh S co SA 1 SB, SA _L SC, 

SB I SC 

a) Ducmg cao SH. Chung minh H la true tam AABC. 

. V 1 _ 1 1 1 

b) -— —- — H-— H-— . 

SH 2 SA 2 SB- SC- 

c) Chutng minh dinh If Pitago trong khong gian: 

SLbc = S asab + S Lbc + S Lac (S la dien tfch). 

Bai 339. Cho hinh chop SABCD co day ABCD la hinh vuong tam () co 
canh a (AB = a); dudng cao hinh chop SO, SO = a. Tinh khoang each gifra 
hai diremg SC va AB cheo nhau. 

Bai 340. (D6 130 bo de thi TSDH 2000). 

Cho hinh chop SABC co day ABC la tam giac vuong tai C. CA = a, CB = b, 
canh SA = h vuong goc voi day. Goi D la trung diem cua AB. 

a) Tilth khoang each gifra dirdrng AC va SD. 

b) Tfnh khoang each gifra ducmg BC va SD. 

Bai 341. Cho tur dien deu canh a. Hay tfnh khoang each gifra hai ducmg 
fhang chura cap canh doi dien tuong ung. 

Bai 342. Cho hinh chop tam giac deu SABC day la tam giac ABC deu 
canh blng 3a, canh ben b4ng 2a. Tfnh khoang each tur S tori mat day (ABC) 

theo a. 

Bai 343*. Cho hinh hop dung ABCDA’B’C’D’ co day ABCD la hinh thoi 

canh a, A = 60° , goc giua ducmg cheo A’C va day b^ng 60°. 

a) Tinh ducmg cao cua hinh hop do. 

b) Tim ducmg vuong goc chung cua A’C va BB’. Tinh khoang each do. 
Bai 344*. Cho hinh chop SABC co AABC deu canh b^ng a, niat ben 

ASAB can co SB = SA = b va vuong goc vai mat day (ABC). Nguoi ta cat 
hinh chop bang mot mat phang song song vdi canh AB sao cho thiet didn do 
la hinh vuong. Hay tinh dien tich thiet dien. 

Bai 345. Cho hinh chop SABCD, day ABCD la hinh chu nhat, AB = a, 
BC = 2a, canh ben SA 1 (ABCD) va co do dai SA = a. 

a) Chung minh cac mat ben cua hinh chop la tam giac vuong. 
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b) Tinh goc giira cac mat ben va mat day. 

c) Tfnh goc giira hai mat ben lien tiep. 

Bai 346. Cho hinh chop SABCD co canh SA = a, tat ca cac canh con lai 
bing b. 

a) Chumg minh ASAC vuong. 

b) Tinh dirdng cao hinh chop da cho. 

Bai 347. Cho hinh chop ABCD thoa man dieu kien AB 1 CD, goi A’ la 
hinh chi6u cua A len mat phing (BCD), B’ la hinh chieu cua B len mat phang 
(ACD). Chung minh ring AA’ va BB’ cit nhau. AA’, BB’ va IK dirdng 
vuong goc chung cua AB va CD dong quy. 

Bai 348. Cho tur dien ABCD biet AB = BC = AD = BD =a, AB = p, CD = q. 
Tinh khoang each giira AB va CD. 

Bai 349. Cho tur dien OABC cac tarn giac OAB, OBC, OCA deu la tam 
giac vuong dinh O, OA = a, OB = b, OC = c. Goi a, P, y \in lirat la cac goc 
cua mat (OBC), (OCA) (OAC) voi mat (ABC). 

Chumg minh: cos 2 a -f cos 2 P + cos 2 y = 1. 

III. Tons ket chitons 3 

Bd i tap trac nghiem. 

Bai 1. Cac menh de sau, menh de nao dung? 

a) Hai dircmg th^ng phan biet cung vuong goc vdi mot mat phing thi 
chung song song. 

b) Hai dircmg th^ng cung vuong goc vdi mot dircmg tiling thi chung song 
song vdi nhau. 

c) Hai mat ph4ng phan biet cung vuong goc vdi mot mat phSng" thi chung 
song song vdi nhau. 

d) Mot mat phang va mot dircmg thing cung vuong goc vdi mot dircmg 
thing thi chung song song vdi nhau. 

Bai 2. Cac menh de sau, menh d6 nao dung? 

a) Doan thing vuong goc chung cua hai dirdng thing cheo nhau ngin 
nh£t trong cac doan thing noi hai diem bat ki nam tren hai dirdng thang ay. 

b) Qua mot diem co duy nhat mot dirdng thing vuong goc vdi mat 
phing cho trirdc. 

c) Qua mot dircmg thing co duy nhat mot mat phing vuong goc vdi 
dirdng thing cho tnrde. 

d) Qua mot diem co duy nhat mot mat phing song song vdi mot dirdng 
thing cho trirdc. 

Bai 3. Cac menh d£ sau, menh d6 nao dung? 

a) Cho hai dirdng thing a, b song song vdi nhau neu a _L d thi b _L d. 

b) M6t mat phing a va mot dirdng thing a cung vuong goc vdi dirdng 
thing b thi a//a. 

c) Hai mat phing a, P cung vuong goc vdi mat phing y thi a//p. 
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d) Hai ducmg thing cung vuong goc vdi mot dudng thing thi song song 
vdi nhau. 


Bai 4. Cac menh de sau, menh de nao dung? 

a) Qua mot diem co mot mat phing duy nhat vuong goc vai mot mat 
phing cho trudc. 

b) Qua mot dudng thing co duy nhat mot mat phing vuong goc vdi mot 
mat phing cho trudc. 

c) Qua mot diem co duy nhat mot mat phing vuong goc vai mot mat 
phing cho trudc. 

d) Cho hai ducmg thing a, b, neu mat phing a khong chura a va b thi a 
cheo b. 

Bai 5. Cho hinh vuong ABCD, cac dircmg thing Ax, By, Cz, Dt cung 
vuong goc vai (ABCD) va cung nim ve mot phfa doi vdi mat phing (ABCD). 
Mat phing cit Ax, By, Cz, Dt bai cac diem A’, B\ C\ D\ Cic ket luan sau,. 
ket luan nao dung? 

a) A’B’C’D’ la hinh chu nhat. 

b) A’B’C’D’ la hinh thang vuong. 

c) A’B’C’D’ la hinh binh hanh. 

d) A’B’C’D" la hinh vuong. 

Bai tap tu luan 

Bai 351. Cho tur dien ABCD, Churng minh ring: 

ABICDo AC 2 + BD 2 = AD 2 + BC 2 . 

Bai 352. Trong mot tur dien ABCD, goi cac dircmg cao ha tu dirih den mat doi 
dien la AA’, BB’, CC’, DD’. Cac m6nh de sau, menh de nao tuang duang. 

a) AB 1 CD. 

b) AA’ va BB’ cit nhau a H. 

c) CC’ va DD’ cit nhau a K. 

d) AC1 BD. 

Bai 353. Cho hinh chop tarn giac deu OABC canh ben OA = a va goc tarn 
dien dinh O la a, ba mat deu vuong, Keo dai duang cao OH tren do lay diem 
S doi xung cua H doi vai dinh O. Chung minh tur dien SABC deu. 

Bai 354*. Ducmg cao hinh chop tarn giac d6u SABC bing h. Cac goc nhi 
dien thuoc canh ben bing 2a. Tinh dien tich day AABC. 

Bai 355. Trong mat phing P cho tarn giac AOB can OA = OB = 2a, goc 

AOB = 120°, ke ducmg thing qua O vuong goc vdi mp (OAB). Liy tren 
dudng thing do ve 2 phia hai diem C, D sao cho AABC vuong tai C va 
AABD deu. 

a) Tinh OC, OD. 

b) Tinh dien tich cac mat tu dien ABCD. 
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Bai 356. Cho AABC can (AB = AC = a), BAC - 120°, mot diem S thay 
doi trong khong gian ve mot phia vdi mat phang (ABC) sao cho AS = a, 

SA B = 60°. 

a) Goi H la hinh chieu vuong goc cua S len mat (ABC). Chung minh H 
thuoc mot dudng thing co dinh, S thuoc dudng tron co dinh. 

b) Chung minh rang khi do dai SH dat gia tri idn nhat thi hai mat phing 
(SAB) va (ABC) vuong goc voi nhau, khi do tfnh do dai SC. 

c) Khi SBC la tarn giac vuong tai S, hay tinh goc gitra hai dirdng th^ng 
SA va AC. Tinh khoang each tir A den mat ph&ng (SBC). 

Bai 357. Cho hinh chop SABC co hai mat ben SAB va SAC vuong goc vdi 
day. Day ABC la tarn giac can dinh A, trung tuyen AD = a, SB tao vdi day 
mot goc a va tao vdi mat phang (SAD) mot goc p. Tinh dirdng cao SA, dien 
rich AABC. 

Bai 358. Cho tu dien SABC vdi goc tarn dien dinh S la vuong. 

a) Gia sir H la true tarn AABC. Chting minh SH ±(ABC), dieu nguoc 
lai co dung khong? 

b) Gia su AABC la tarn giac deu canh a. Tinh SH theo a, keo dai SH duoc 
mot doan SD = HS. Chung to ABCD la tii dien deu. 

Bai 359. Cho hinh lang tru tu giac deu ABCDA’B’C’D’ canh day b^ng a, 

canh ben Mng av6 . Xet dirdng thing A di qua A va song song BD. Goi P la 
mat phing qua A va C\ 

a) ITiiet dien hinh lang tru va mat pi ling P la hinh gi? Tinh dien tich thiet dien. 

b) Tinh goc gitra mat phing P va (ABCD). 

Bai 360. Tren mat phing (Q) cho dudng tron dudng kinh AB. C thuoc 
dudng trdn. Dudng thing Ax vuong goc vdi (Q), tren Ax lay D. 

a) Chung minh cac mat cua tu dien ABCD d6u la tarn giac vuong. 

b) Goi M, N, P la trung diem cac doan AC, CD, DB. Chung minh MNPQ 
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AH = 


a>/3 

-h 

2 


- V41r + 3a 2 
2 


ahV3 

V4h 2 + 3a 2 


Bai 338. 

a) SH 1 (ABC), noi AHx BC = M 
SA 1 (SBC) => SA 1 BC (1) 

SH 1 (ABC) => SH 1 BC (2) 

Tir(l) va (2) => BCl(SAH) 

=> BC I AM => BC 1 AH (3) 
Tuong tu: AB 1 CH (4) 

Tif (3) va (4) => H la true tarn AABC. 

b) Xet trong AASM vuong 6 S 

111 

=>—7 = —7+-r (5) 

SH 2 SA 2 SM 2 

Xet trong ABSC vuong a S 
^ SM 2 " SB 2 + SC 2 


S 



Thay ( 6 ) vao (5) ta co: - - 

SH" 

c) Xet AASM vuong a S. 


1 1 1 

SA 2 + SB 2 + SC 2 ' 


S 



Bai 339. 

Tmh khoang each gifra SC va AB. 

Xet mat ph;lng (SCD) va AB, ta thay AB//SC. Khoang each giCra SC va AB 
la khoang each tu I e AB den mat phang (SCD). 
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Tir I ke IH 1 SK (K la trung diem CD). 

I e (SIK) => IH ± (SCD)vi CD l(SlK). 

Xet ASIK co IK = a; SI = Ja 2 + — = — = SK . 

V 4 2 


Ta co IH.SK = SO.IK IH 



2aV5 

5 


Bai 340. 

a) Tinh khoang each giira AC va SD. 

DM//AC khoang each giira AC va SD la khoang each giira AC va (SDM). 


Ke AE 1 DM Noi SE. 

Ke AH 1 SE thi AH l(SDM). 
Ti'nh AH. 


Xet ASAE co AE =CM = SA = h 


AH - 


h.b/ 

/2 


bh 


b- V4h 2 +b- 
fh~ + — 

4 


b) Tucmg tir khoang each giira BC va SD 



Bai 341. 

Ggi y: Goi I, K lan lirort la trung diem cua AB va CD. 

Ta thay: IK J_ CD; IK J_ AB=> IK la dirong thing vuong goc chung AB 
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Bai 342. 

Tinh dircmg cao SO, O la tam cua AABC. 

A „ .2 3aV3 /- 

=> AO = —.-= av3 

3 2 

=> SO 2 = 4a 2 - 3a 2 = a 2 => SO = a. 

Bai 343. 

Xet ACAB co C = 1 v, SC 1 (ABC), 

SC = 2, AC = BC = 4, AB = 

=> CM = 2V2, SN -- 2V2, MN = 2 . 

Vay ta xet hinh chop SCMN co: 

SC = MN = 2, CM = 2n/ 2, CNM = 1 v, SC _L (CMN). 

V$y tur dien SCMN cac cap canh doi bang nhau, nhu vay dircmg not trung 
diem cac canh doi dien la dircmg vuong goc chung (dua vao bai 341). G 01 1, J 

la trung diem cua SN va CM 

Vay U 2 =SJ 2 -SI 2 = SC 2 +CJ 2 -SI 2 = 4 + 2-2 = 4 => IJ = 2. 



Bai 344. 

a) Dt thay ACA - 60°. 

ABCD la hinh thoi: A = 60°; AB = BC = a 
=> DB = a; AC = aV3 

=> AA' = h = aV3tg60° =3a. 

b) BB7/(ACC’A’) 

^=> khoang each giCra A’C va BB’ la 
khoang each tir B deii (ACC’B’) bang 




Goi M la trung diem A’C, tir M trong (BDD’B’) ke MN//B’D\ N e B'D 1 


=> MN la dubng vuong goc chung. 

Bai 345. 

Goi E la trung dibm cua AB va AB _L (SCE) 

=> AB 1 SC va KL//AB. 

Muon thiet dien la hinh vubng thi KM//SC. 

KM = KL = MN 

MC = MN => AM = a - MN 


Theodinh li Talet: — 

AC 

(Vi MK = MN = MC) 


AM AK _ MK MC 
AC _ AC SC ~ SC 
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AM MC AC-MC AC.SC 

O-=-=-cc> ML =-. 

AC SC AC AC + SC 


Ti'nh vSC. 

SC : = SE : + CE 2 = SA 2 AE 2 + CE 2 



Bai 346. 

a) Dua vao dinh li 3 dirong vuong goc. 

b) (SAB) 1 (ABCD); (SAD) 1 (ABCD). 

Xet (SDC) va (ABCD) thi DC la giao tuyen va 
ADlDCl 

> => SDA la goc giira 2 mat phang 



SO L DC J 
(SDC) va (ABCD). 

Tirong tir: (SBC) va day (ABCD) la goc SBA. 
c) Tinh goc 2 mat ben lien tiep. 

Mat (SAD) va (SDC) thi DC 1 (SAB) nen 

(SAB) 1 (SDC). 

Mat (SDC) va (SBC) co giao tuyen SC. 

Trong mat phang (ABCD) ke AIJ _L AC c4t BC, CD tai I va J. 

Trong mat SAC ke AC, 1 SC . 

Ta thay: SC 1 (IC, J) => goc phing IC, J la goc gifia hai mat phang (SBC) 

va (SDC). 

Tinh : 

AJ = ACtgACD = 2a>/5; AI = ACtgACB = Cn/5 ; 

[J AC, = 

2 aV6 V6 
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Goi goc: 

AC.J = cp => tancp = 


AJ 2aV5 [j Q AI Jb 

-= —t=- = 2V6; AC.I = p => tan p =--—. 


/ \ . j — vp —^ iuii y — — I — — — v j ‘ 

AC, av5 

s 

, n s tancp + tanP %/6 

tan JC.I - tan(<p + B) ---=-. 

v ' 1 - tan cp. tan p 2 

Vay goc JCjl = 180° - (a+ (3). 

Bai 347. 

a) Xet O la giao cua AC x BD = O . 

Xet hai tam giac SBD va BCD 
=> ASBD = ABCD (c. c. c) 

=> SO = OC = OA => A SAC vuong b S. [_ 
Ke SHI AC taco: B 

(SAC) 1 (ABCD) vi BD 1 SO va BD 1 AC. 


AC, 2 


.ABA_BAD 


vay SH = d(S, ABCD) = 


SA.SC a.b 


Bai 348. 

Cach 1: AB 1 CD, A A’ A (DBC) => AA' A CD => CD A (ABA’). 

Ke BB' A AI e (ACD) ta thay BB’ A (ACD). A 

Xet duofng cao IK A AB (IK la dirbng vuong goc chung) v/ 

Xet trong AABI => AA’, BB’, IK d6ng quy (dpcm). /\ l\\ ^ 

Cach 2: Goi IK la dtrdng vuong goc chung giOa / \ll\B 

AB va CD. Xet AABI thi AA’, BB’thuoc AABI. . 

- - - -, Java 


Bai 349. C 

Goi I, K la trung diem cua AB va CD => IK la dirbng vuong goc chung. 

IK 2 = BK : - BI 2 ; BK : = a 2 - —; BI 2 = — /K 

IK == a =-£AA = Al±All / \ 

44 / l'' \ 

• d\t; 7' : py > i 

(dieu kien 4a 2 - (p 2 + q 2 j > 0 ) 1 / 


C 





IH = 


Bai 350. Theo bai 338 ta c6: 

Goi H la true tam ciia AABC thi chan duong cao ha tir O den mat (ABC) la H. 

Khidogoc: a = HAX>; P = HB 7 0; y = HCO 

o 1 i f 1 1 1 ^ 

cos 2 a -f cos 2 B + cos 2 y = OH 2 — + — + — / - ^x 

U b 2 c 2 J / ; \ 

Theo bai 338 thi: X j \ 

1111 1 ’’o 1 1 Z' R' / _ - - ' X "/ 

OH a~ b" c" /„ \! / 

Bai 351. AX^-.JS;X. / 

Ke AE 1 CD => BE i. CD \X \ XA' 

AC 2 = AE 2 + CE 2 (1) C ^\i/ 

BD 2 = BE 2 4 ED 2 (2) A. B 

BC 2 = CE 2 + BE 2 (3) .X \\ 

AD 2 = AE 2 4 ED 2 (4) X^ \ \ 

TCr (1), (2), (3) va (4) X \ \ 

=> AC 2 + BD 2 = BC 2 + AD 2 b<c:;; -f -/D 

NgUgc lai: x. 'I 1 // 

Neu trong tur dien co dieu kien: x. 

AC 2 + BD 2 = BC 2 + AD 2 xj/ E 

la biSn doi AC 2 - AD 2 - BC 2 - BD 2 = k 2 . C 

Khi do, xet mat phdng (ACD) thi H e CD each trung diem I khoang 

k~ t 2 

I = ~~r —, AH ± CD tai H va xet trong mat phSng (BCD) thi IH =-, 


B\ ; :; 


2CD 


2 CD 


BH 1 CD tai H => CD 1 (ABH) ==> CD _L AB. 

Bai 352. Chung minh tuong tu bai 348. 

Bai 353. 

Ta thaiy H la true tam AHBC va trong tarn 
AABC nfin ta cd: 

AB = aV2=>AH=^^U = -^ 

2 3 3 

SA 2 = SH 2 4 AH 2 = 40H 2 4 AH 2 
= 4(OA 2 -AH 2 )-3AH 2 

= 4a 2 - 3 ^ = 2a 2 ^=> SA - a%/2 
9 

Vay tu dien SABCD deu. 
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Bai 354. 

SABC deu co SHjL(ABC), H la 

trong tam, SC J_ AB . 

Qua AB dung mat ph&ng vuong goc vdi 

SC tai S, thi AS,B = 2a . 

VI AABC deu nen M la trung diem AB. 

Dat AB = x, MS,B = a 

S.B = —-—, S.M = — cot a, HC = —— 

' 2sina 1 2 3 

Xet 2 tarn giac SHC va MS,C vuong goc tai C. 
ASHC dong dang AMS,C 

xV3 hV3 



MS, _ CM 
SH ~ SC 


<=> - 


x / 0 cot a 


2SC 


SC = 


cot a 


= h%/3t 


CH 2 = SC 2 - SH : = 3h 2 tan a - h 2 = 3h 2 


f 




tan a — 


V 


ana 


Ox'= 9h 




tan 


S — — x 

°AABC “ ^ 


V3 , 91i 2 n/3 ( 1 ' 

tan a — 


4 


Bai 355. 

a) OA = OB = 2a, OH = a. 

AB = 2aV3, CH = ^ AB = a\/3 (AABC vuong) Oj 
OC 2 = CH 2 - OH 2 = 3a 2 - a 2 = 2a 2 => OC = a%/2 

C 


HD = ^ = 2aA.^ = 3a. 
2 2 



Vay OD 2 = DH 2 - OH 2 = 9a 2 - a 2 = 8a 2 => OD = 2a^2 . 
b) Tinh dien tich cac mat (hoc sinh tu chiing minh). 

Bai 356. 

a) AB = AC = SA = a. 

BAS = 60° => ASAB deu => Sthuoc 
mat phing di qua trung diem cua AB va 
vuong goc vdi AB. Goi mat ph&ng do m 
(a) thi H thuoc dirdmg th^ng 

A = (ABC) xa . Goi I la trung diem 

rz 

cua AB => SI — . 
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a>/3 

Vay S thuoc mat phang a va each I khoang - nen no thuoc dirbmg tron 

2 

■aS ^ 


b Ta co: SH i (ABC) => SH < SI 

SH r: SI I dm nhat oH = IoSH = 

sc- = ci : + sr = ci : + 3a 

Xet AACD => 


aV3 

2 

W3 

1 


4 


Cl 2 = AC : + AH 2 - 2AC.AIcosl20° = a 2 + — + 2a-.- = ~ 


2 2 


sc 2 =l^Usc = aVi ° 


4 2 

c) Klii ABSC vuong o S thi ta co ti'r dien ASC'B co AS = AC = AB. Vay 
chan du'6'ng cao ha tir A den mat day la tarn vong tron ngoai tiep ASBC => 
hinh chieu cua A xtiong nip (SBC) la K vdi K la trung diem cua BC 

Ti'nh khoang each AK — ABsin30° = — 

2 

Ti'nh goc AC va SA. 

Ta co: SC 2 = CB : - SB 2 = 3a 2 - a 2 - 2a : (1) 

AC 2 + AS 2 = 2a 2 (2) 

Tit ( 1 ) va (2) => SC 2 = AS 2 + AC 2 => CAS vuong o A => goc giira AC va 
SA bang 90° 

llai 357. 

Nhan xet: 

(SAB) 1 (ABC); (SAC) 1 (ABC) 

=> SA _L (ABC) => SBA = a . 

Ke AD 1 BC x> SD 1 BC => BC 1 (SAD) 
goc BSD = p. 

Tfnh SA; SA = SB sin a; BD = SB sin p. 

Ti'nh SB: Xet ASAB =e> SB 2 = SA 2 + BA 2 
in a AB 2 = AD 2 + BD 2 o SB 2 = SA 2 + AD 2 + BD 2 
hay SB" = SB 2 sin 2 a + a 2 + SB 2 sin 2 P 
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<=> SB 2 (1 - sin 2 a - sin 2 p) = a 2 o SB 2 =- - - - — 

v ' cos'a-sin‘P 

=> SB = ==.=== (dieu kien cos 2 a > sin 2 P) 

ycos 2 a-sin 2 P 

a 

V£y SA = —= = — = sin a 
^/cos 2 a - sin 2 P 

S mbc = - AD.BC = AD.BD = * = . 

MBC 2 

Bai 358. 

a) Xet (SAA’) thi BC 1 (SAA') => BC 1 SH (1) 

Tuong tir xet (SCC’) thi AB 1 (SCC') => AB 1 SH (2) 

Tfir (1) va (2) => SHI (ABC). 

Ngtftfc lai SH 1 (ABC) van dung. 

b) Chirng minh tuomg tubai 354. 

Bai 359. 

a) Goi: I = A nCD; J - AnCB; B, = C’J n. BB': D, =C’JnDD'. 

DS tha'y AB|C’D, la hinh binh hanh va B,D, K . ang didm ciia BB’ va DD' 
va AC'IB.D, 



=> thiet dien hinh thoi. 

Tfnhdien tfch la: AB,C’D,. 

BD = B,D, = a%/2 

AC' = VAC 2 +CC' 2 = V2a : +6a 2 = 2aV2 


^ab,c’d, = —2aV2ax/2 = 2a 2 . 


b) Goc mat ph&ng P va J 
(ABCD) la goc CAC. 

tgCAC = — = = 73 => cXc = 60° 

AC aV2 

Chu y: AB,C’D, co hinh chieu la mp (ABCD) 





^ABCD “ S ABl c D, CO S(P S 


_ J ABCD _o 0 2 


AB.C'D, 


cos60° 


= Za . 
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Bai 360. 

a) Tur dien ADBC c6 AD _L (ABCD), AHBC vuong a C. Theo dinh li 3 
dirang vuong goc suy ra BC _L DC => cac tam giac cua tur dien deu vudng. 


b) MN//AD; MN = ^AD va MN 1 (ABC) 

OP//AD; OP = ~AD va OP 1 (ABC). 

V] NP //CD va OM//BC => MNPQ la hmh chu nhat va mat ph&ng 


(MNPQ) chua MN 1 (ABC) 

=> (MNPQ) 1 (ABC) (dpcm). 
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ON TAPCUOI N AM 


Bdi tap trac nehiem 

Bai 1. Co bao nhieu phep tinh tien bien mot hinh binh hanh thanh chfnh no? 

a) Kh6ng co b) Co mot c) Co hai d) Co ba. 

Bai 2. Trong mat ph&ng toa do Oxy, cho M(l, 2). Cac diem sau diem nao la 
anh cua M qua phep doi xixng true Oy? 

a) (1,-2)- b) (-1,2) c) (-1, -2) d) (2, -1) 

Bai 3. Trong mat ph&ng Oxy, cho M(91, 2). Diem nao la anh cua M qua phep 
doi xung true y = x 

a) (2,1)’ b) (-1,2) c) -2, 1) d)(-2,~l) 

Bai 4. Cac menh de sau, menh de nao sai? 

a) Co mot phep vi tir bien rnoi diem thanh chfnh no. 

b) Co vo so phep vi tir bien moi d\im thanh chfnh no. 

c) Thirc hien lien tiep hai phep vi tir la mot phep vi tu. 

d) Thuc hien hai phep vi tircung tarn I se duoc mot phep vi tu tarn 1. 

Bai 5. Trong mat phdng Oxy cho duemg tron (.v-2)“ +(>’-4) - 4 . Thirc 

hien lien tiep phep vi tir tarn O ti so k = va phep quay tarn O goc quay 90° se 
bien thanh dirong tron nao trong cac dirong tron sau? 

a) (x + 2)' + (y - l) 2 = 1 b) (x + 2)~ + (y - 4)" = 1 

c) (x-2)" +(y4-l)’ =1 d) (x + 2)” +(y + l)“ = 1 . 

Bai 6. Cho dirong x -f y -f 1 = 0, qua phep vi tir tarn O ti so k = 2 bien thanh 
dircrng th^ng nao sau day? 

a)x + y + 2 = 0 b) x + y --1 = 0 

c) x-y + 2 = 0 d) x + y- 2- 0. 

Bai 7. Cac menh de sau, menh d6u nao dung 9 

a) Phep doi hinh co hai diem bien thanh chfnh no rhi nhep doi hinh do la phep 
dong nMt. 

b) Phep vi tir bien hai diem phan biet thanh chfnh no hi no la phep dong nhat. 

c) Phep doi xirng true co hai diem phan bict bien thanh chmh no thi phep doi 
xung la phep dong nhat. 

d) Phep d6ng dang bien hai dieni thanrr chmh no thi phep dong dang do la 
phep d6ng nhat. 

Bai 8. Cho dirong tron x 2 + y 2 - 6x +8y -f 16 = 0 qua phep tinh tien v = (l,l) 
bi&n thanh dirong tron nao sau day. 

a) (x-4) 2 +(y + 3) 2 = 9 b) (x + 4) 2 + (y - 3) 2 = 9 

c) (x - 4)" + (y - 3)” = 9 d) (x + 4)" 4- (y + 3)' = 9 . 
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Bai 9. Cho dudng thang (d): 2x + y + 2=0, qua phep vi tir v - (-1, l)bien 

thanh dudng thAng nao dudi day? 

a) 2x + y + 3-0 b) 2x + y-3 = 0 

c) 2x +y-2 = 0 d) 2x + y - 1 = 0. 

Bai 10. Cho dirang tron (x - l) ”+(y + 2) =9 va dudng thang (d): x =3. Cac 

dudng Iron sau, dudng nao doi xung vdi (C) qua true doi xung (d)? 

a) (x4 l) 2 -f (y-2) 2 = 9 b) (x-5)' + (y + 2)" = 9 

c) (x + 5)” +(y + 2)“ =9 d) (x - l) + (y — 2)" = 9. 

Bai 11. Cho tur dien deu ABCD co canh la a. Hay chi ra cac menh de sai. 


a) A B AD = — b) AD.BC = 0 

2 

c) AB + CD + BC + DA + AC = AC d) AC. AD - AC.BD . 

Bai 12. Cho hinh lap phirong ABCDA’B’C'D' co canh a. Hay tim menh de 


sai 


a) |AC| = [B’D| = [ED'! = aVJ b) AD'.AB’ = a 2 

c) AD'.B C = 0 d) AB + B 7 C + CD = -AD. 

Bai 13. Trong cac menh de sau, menh de nao dung? 

a) Cho hai dudng th4ng a va b vuong goc vdi nhau, a e a; b e p thi (a) 1 (p) 


b) Cho dudng th^ng a vuong goc vdi mat pheing a, mat phang P chua a thi P _L a . 

c) Qio hai dudng th^ng alb, mat phdng a vuong goc vdi a thi song song 
vdi b. 


d) Cho hai dudng thAng a va b cheo nhau luon luon co duy nhat mot mat phAng 
song song vdi a va b. 

Bai 14. Cho tur dien deu ABCD, khoang each tu diem D tdi mat phAng (ABC) la: 
Trong cac menh de sau, menh de nao sai? 

a) Do dai DO vdi G la trong tam AABC. 

b) Do dai DH vdi H la hinh chieu vuong goc cua diem D len mat phang (ABO. 

c) Do dai doan DO vdi O la tam dudng tron ngoai tiep AABC. 

d) Do dai DM vdi M la trung diem BC. 

Bai 15. Cho tur dien ABCD canh bAng 3. Khoang each giua hai canh doi dien 

la: 
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Bai 16. Cho tu dien deu ABCD canh bang a. Khoang each tir dinh A d6n mat 
phlng (BCD) co ket qua la: 

a\/6 . . a>/5 . 2a . a%/3 

h)- c) — d) ——. 

3 3 


a) 


3 3 

Bai 17. Cho hinh hop chu nhht ABCDA’B’C’D’ co ba kfch thude AB = a, 
AD = b, AA’ = c. Hay xet ket qua sau, ket qua nao sai? 

a) Do dai BD' = AC = Va 2 + b 2 +c 2 . 

b) Khoang each giua hai ducmg AB va DD’ la b. 


c) Khoang each giua hai ducmg BB’ va DD’ la Va 2 + b 2 . 

d) Khoang each tu B d6n mat phing (ACC’A’) la: —Va 2 + b 2 -f c 2 . 

Bai 18. Cho hinh lap phuemg ABCDA’B’C’D’ canh a. Cac menh de sau 
menh de nao dung? 


a 


a) Khoang each tir A den mat ph^ng (A’BD) b^ng: — 

b) Do dai AC’ b^ng a V3 . 

c) Khoang each tir A den mat (CDD’C’) b^ng a\f2 . 

d) Khoang each tir A den mat phang (BCC’B’) bkng 


3 a 


Bai 19. Cac menh de sau, menh de nao sai? 

a) Khoang each tir ducmg thdng a song song vdi mat phang a la khoang each 
tir diem A thuoc ducmg a den mat ph^ng a. 

b) Khoang each giua hai ducmg thing cheo nhau a va b la khoang each tir M 
thuoc a den mat phing P chira b va P//a. 

c) Khoang each giua hai mat phing a//p la khoang each tir A thuoc ex den mat 
phang p. 

d) Khoang each giua hai ducmg cheo nhau a va b la khoang each tir M thu6c 
A den N thuoc mat phing a chira b va song song vdri a. 

Bai 20. Cho hinh lang tru tarn giac ABCA’B’C, dat 

A A ’ = a; AB = b; AC = c; BC = d . Xet bieu thurc sau day, xem bieu thiic nao dung? 
a)a = b + c b)a + b + c + d = 0 

c) b-c-fd = 0 d)a + b + c = d. 


202 



Bai tap kiem tra 


dC i 

A, 

Bai 1. Cho tarn giac ABC, tren phan giac ngoai d cua goc C l&y mot diim E 
kh<ic C. Chung minh r&ng: EA + EB > CA + CB. 

Bai 2. Cho AABC va dirdng th&ng d, lay diem Ded. Goi M la trong tam cua 
tu* giac ABCD, goi G la trong tam AABC. 

a) Chung minh G, M, D th&ng hang. 

b) Tim quy tich M khi D di chuyen tren d. 

Bai 3. Qio tur dien SABC, mot diem M thuoc SB. 

a) Dung thifc't dien qua M song song SA va song song BC. 

b) Xac dinh vj tri M de thiet dien !a hinh thoi. 


DC 2 

Bai 1. Chung minh tich hai phep d6i xung tam O,, 0 2 la phep tinh tien. 

Bai 2. Cho hinh binh hanh ABCD, dung phia ngoai hinh cac hinh vumig 
ABEF, ADGH. Chung minh AC = HF. 

Bai 3. Cho hinh chop tam giac deu SABC, biet trung tuyen AM cua day ABC 

b^ng 3a va do dai canh ben a^/7 . 

a) Tinh d6 dai canh day. 

b) Tinh goc giua mat ben va mat day, goc giua canh ben va mat day. 

c) Tinh ducmg cao hinh chop ha tir S den mat day. 

DC 3 

Bai 1. Va phia ngoai tam giac ABC, lay AC, AB lam canh huyen drnig phia 
ngoai cac tam giac vuong can AACE, AABD, lay trung diem M cua BC. Chung 
minh DME la tam giac vu6ng can. 

Bai 2. Cho hinh chop SABC co canh ben SA vudng goc vdi mat day, goi I la 
dubng cao AI cua AABC, H, K lan luot la true t^m AABC va ASBC. 
n) Chung minh (SAl)l(SBC). 

b) Qiihig minh HK 1 SC; HK 1 (SBC). 

c) Kc^o dai HK cat SA tai D. Chung minh cac cap canh dd'i dien cua tir dien 
SBCD vuong goc vai nhau. 

Bai 3. Qio hinh lap phuong ABCDA’B’C’D’ co 00’ la true cua hinh lap 
phirong (O, O’ tirong irng tam cua ABCD va A’B’C’D’), P la dilm tren OO’ sao 
O'p 1 

cho -= —. Dung thiet dien qua P song song vai AC va song song B’D’. 
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f>€4 

Bai 1. Cho dudng tron (O), day cung PQ. Dung hinh vuong ABCD c6 dinh 
AB thuoc PQ, con hai dinh nim tren dudng tron. 

Bai 2. Cho tam giac ABC deu, dirong thing d vuong goc vdi (ABC), tai A lay 
M thuoc d, goi H la true tam cua AABC, goi O true tam AMBC. 

a) Chung minh: MC 1 (BOH); OH 1 (MBC). 

b) Duong OH cit d tai N, chung minh ring tu dien BCMN co cac canh doi 
dien vuong goc. 

Bai 3. Cho tam giac ABC can AB = AC = a^/5 , BC = 4a. Tren nira dirong 

thing vuong goc vdi (ABC) tai A lay diem S sao cho AS = a^/3 . Mot mat phing 
P vuong goc vdi dudng ca AH cit hinh chop theo mot thiet dien hinh gi? Khoang 
each tu A den mat phang P la x. Tinh dien tich thiet dien. 


ff>€ 5 

Bai 1. Cho tu dien SABC co 3 canh SA, SB, SC vuong goc vdi nhau tung ddi 
mot va SA = a; SB = b; SC = c. Goi SH vuong goc vdi mat (ABC) tai H. 
a) Chung minh SA 1 BC; SB 1 CA; SC 1 AB . 


b) H la true tam AABC. 

1 ’ 1 1 1 

c ) 77jr-T + 'rr + “r- 

SH a b c 


Bai 2. Cho hinh chop SABCD co ABCD a hinh thoi tam I canh la a, dudng 

cheo BD bing a, canh SA vuong goc vdi mat day. SA =—-. Chung minh: 

!2 

(SCD)l(SCB). 


Bai 3. Cho dudng thing d, tren d lay A, B, C vdi B d giua AC, lay d lam bo 
dung cac tam giac d6u co canh AB, BC la ABE va BCF. 

a) Chung minh AF = CE. 

b) Goi trung diem cua AF la M, trung diem cua CE la N. Chdng minh ABMN 
la tam giac deu. 
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Huong (Ian giai 


F>€ 1 

Bai 1. 

Lay A’ doi xirng voi A qua d 
EA + EB = EA + EB 
CA + CB = BA' 

Xet AEBA’ ta co: 

EA'+ EB > BA ' = BC + CA 
o EA + EB > BC + CA (dpcm) ^ 

Bai 2. 

a) Goi G la trong tam AABC nen: GA f GB + GC = 6 . 

Goi M la trong tam tu giac ABCD nen: MA + MB + MC + Ml) = 0 
MG + GA + MG + GB + MG + GC + MG + GD = 6 



o 4MG + GD = 0 o GM = - GD 

4 


(1) 


Dieu nay chung to G, M, D thdng hang, 
h) Xet: V^ 4 : D -» M 

Vay Ded->Med’ = (d) 

Bai 3. 

Goi mat phdng (a) di qua M song song SA va song song BC nen 
MN//SA (1) 

MQ//BC (2) 

(Theo tmh chat dircrrig thang song song mat phSng) 

Tirong tu: 

QP//SA' (3) 

NP//BC (4) 

Tir (2) va (4) => MQ//N'P, QP//MN 
=> MNPQ hinh binh hanh. 

Thiet dien hinh thoi khi MN - MQ. 

Theo dinh ly Talet: 


MQ 

BC 

MN 


SM 

SB^ 

BM 


MQ = 


MN = 


SM.BC 

SB 


SA.BM SA(SB-SM) 



SA SB SB 

o SM.BC = SA(SB - SM) <=> SM = 


SB 

SA.SB 
BC + SA 



DC 2. 


Bai 1. 

Goi: 

D 0 : doi xutig tam O,. 


D 0 :doi xumg tam O r 

D 0 : M —» M' thoa man O, M - -OjM'. 

D 0 : M 1 —» M " thoa man 0 0 M' - -0, M". 

Vay 0 : 0,‘ + 0, M ; = -0 2 M" - -0,0, - O^M 7, . 

200^ = -67m' -6,M" = 6,M - O M” = M”M . 

Hay: MM” = 20/), (*) 

Dang thuc (*) chiJfng to M" = T M . 

- U l°2 

Hay D 0 .D 0 , = 2T 2q0 (M)-> M". 

Bai 2. 

Thuc hien phep quay _, / 

Qf : D -> H A' 

C->C' E / 

AC' = AC \ 

AH = AD => HC' 1 DC (Vi DC -> HC') \ 

=> HC' 1 AB => HC//FA va HC' = CD = AB = FA. B 
Vay AFHC’ la hinh binh hanh nen FH = AC' = AC . 

Bai 3. 


a) Goi H la trong t&m AABC co AM - 3a va la dirong cao 

am . 

=> AB =-— = 3a. 

sin 60° 

AB = 2aV3 . 

b) Ta thay H la trong tam va chan dircrng 
vuong goc ha tir S xuong mat ph&ng (ABC) 


SH 2 =SA 2 -AH 2 -7a 2 - 


2 V 

3a.— | - 7a 2 -4a 2 - 3a/ 

3 


=> SH = a a/3 

=> goc giua mat ben (SBC) va mat day (ABC) la goc 
AMH (theo dinh ly 3 dirong vuong goc). 
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tan AMH 


.V3 


V3 => AMH - 60° 


Goc giixa canh SA vci mat (ABC) la goc SAH 
SH aV3 V3 


tan SAH - 


AH 


. 2 
aa - 


Vay goc giua canh SA voi day (p co tan (p = 


V3 


Ket luan' do SABC ! la chop am giac den nen goc giua cac mat ben va day 
den bang nhau nen cac goc dSu bang 60° . Canh ben va day bang nhau nen cac 
goc deu bfing cp. 


f>€ 3 

Bai 1. 

Lay P doi xurng B qua D; Q doi xung C qua E. 

Ta thay ABAP vuong can; ACAQ vuong can. 

Qa" •P >B 

C -> Q 

PC = BQ; PC 1 BQ 

Nen PC' 1 BQ , xet cac tarn giac APBC va ABCQ 



=$■ DM//PC; ME//BQ o DM 1 ME r_-> ADME vuong. 


Hai 2. 

a) SA i (ABC) => (SAl) 1 (ABC) 

[BC_LAI . , 

ro 1 => BC 1 (SAl) va BC e (SBC) 

[ BC _L SA 

:=> (SBC) 1 (SAl) (dpcm). 

b) HK e (SAl) => HK 1 BC (1) 

Mat khac: BH 1 AC => BH 1 (SAC) 

i BH 1 SC 

:^> => SC 1 (BHK) => HK _L SC (2) 

[BK 1 SC V ; 

Tir (!) va (2) => HK 1 (SBC) 



c) Tu dien SBCD co cac canh doi vuong goc vdi nhau. 
SA i BC (1) 

DK 1 (SBC) va K true tarn 
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Theo can b) SC 1 (BKH) ^SCIDB (2) 
Vi DBe(BKH) 

Tirongtix SB 1 (CKH) SB 1 DC (3) 


Tir (1), (2), (3) => (u dieii SDBC co cac cap canh doi vuong goc vcfi nhaj. 

Bai 3. 

Goi thiet dien la mat phang a thi 



Bai 1. 


a) Gia six ABCD dirng diroc thoa man dieu kicn bai loan AB g PQ . 
Goi I la trung diem AB => 01 J_ PQ I la trung diem PQ. 

Xet hinh vuong PQMN dong dang hinh vuong ABCD 


Xet V^b : M -> C 


=> C g (O); C g IM r=> D tirong tir. 

b) Dirng hinh PQMN vuong canh PQ 
Noi M vdi 1 cat dirbng tron tai C —» B 
Noi N vdi 1 c4t dudng tron tai D —> A 
ABCD can dirng. 

c) Chung minh ABCD la hinh vuong 
That vay : 


DC//MN ^> —= — 
PN IP 


DA 2IA 
PA ~ 2IP 



=5 ABCD hinh vuong. 

Bien iuan: bai loan co hai ngiiiem. 


Bai 2. 


a) Xet mat (MAI) ta co BC 1 (MAl) => OH 1 BC 
Xet mat: (MAC) => NB _L (MAC) => NB 1 MC 
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Xet mat: (NBP) co MC _L BP (1) 

NB 1 MC (2) 


MC 1 OH 
BCH 


Vay: MC 1 (NPB) => MC 1 (HOB) 


=> (MBC) _L OH (dpcm) 

h) Cb'JTig minh MNBC la tir dien co cac cap canh 
doi vuong goc vdi nhau. Chung minh tirong tir cau a) 

Bai 3. 

a) SA = as/3; AB = AC = as/7; BC = 4a 

Dung thiet dien vuong goc AH 
Lay K e AH , qua K dung MN _L AH 
t tie MN//BC, (M e AB: N e AC); N 

Trong mat phing (SAH) dung KL//SA, L e SH 

Vtty KI 1 (ABC) va vuong goc AH => (MKL) 1 AH 

Vay (MKL) dit mat (SBC) co giao tuyen: S 

LF//BC, E g SB, F e SC . ' IV. 

Vay thiet dien MNEF, 

Thiet dien do co: LK // SA => LK // EM // FN V 

MNEF la hinh binh hanh 
—> thiet dien la hinh chu nhat vi EM i. MN 

b) Goi khoang each tu A den mat pitting la \ 

=> AK = x 

Tinh dien tich MNFE; S MNFF = MN.EM A C-- 


TinhEM: 


EM KH AH - x 
SA ~ AH AH 


SA AH AH a A3 

AH : = AC 2 - HC 2 = 7a 2 - 4a 2 = 3a 2 


Turn MN: 


Ta 



D€ 5. 


Bai 1. 

x f SA _L SB 
a) • 

SA _L SC 
SB _L SA 
SB ± SC 


SA 1 (SBC) => SA 1 BC (1) 

SB _L (SAC) => SB 1 AC (2) ^ 



Tucing tu: SC L AB . \. , Y/ 

b) Goi H la chan dirdng vuong goc ha tl> S xuong (ABC)N\ y' vl 

Noi: AH x BC = M \]/ 

BC _L SH B 

=>( => BC ± (SAH) :=> BC ± AM => AM la dirdng cao. 

BC _L SA V ’ 

Tucing tu CN la dirdng cao => H la true tarn cua A ABC 
Xet lam giac ASM vudng 6 S. 

Theo he thde hrcrng trong tam giac vuong ta co: * 7 h—^ ( 

SH' SA' SM' 

Xet tam giac BSC vuong d S ta co: —= —— + —!— ( 

SM 2 SB 2 SC 2 

Thay (2) vao (1) ta co: —^ = -V + ~V + ~r (dp:m) 

SH 2 SA 2 SB 2 SC 2 a 2 b 2 c 2 


Bal 2. 


ABCD la hinh thoi: => 


BD 1 AC 
BD1SA 


BD 1 (SAC) => BD 1 SC 


Trong mat phang (SAC) ke IH 1 SC => SC _L (DHB), goc phang SCD) va 

(SBC) la goc DHB. 

Trnh goc DHB; BD = a => AC = aV3 

CA 2 . 6a 2 9a" 3a>/2 

SC = SA + AC =-+ 3a =-=> SC =- 

4 2 2 


Xet hai tam giac vudng IHC va SAC ta co: 

™ in io a 'fe/ aV3/ aV6/ 


IH 1C IH _ /2 

SA SC ^ aV6/ 3a jl/ 
/2 /2 


/ 2 ' /2 _ a I. 

3a yl2/ 2/' 

/2 /' . 


Vay A DHB co IH = - DB => ADHB vuong a H. 

Vay goc giua hai mat (SDC) va (SBC) vuong 

goc vdi nhau. 


//tr. 
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Bai 3. 


Q“ : C -> F 
E -> A 

=> C'E —> FA => CE = FA. 
vii M trung diem cua AF, N la trung diem ciia CE 

BN = BM 

=> Qb’ : N -> M => \. 

| (BN, BM) = 60° 

=> ABMN la tam giac deu. 
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